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ABSTRACT
A s e q u e n t i a l  i n s t r u m e n t a l - v a r i a b l e  t e c h n i q u e  was s t u d i e d  f o r  t h e  
e s t i m a t i o n  o f  th e  p a r a m e t e r s  o f  a  d i s c r e t e - t i m e  model o f  a  l i n e a r  
d y n a m ic a l  s y s t e m  s u b j e c t  t o  d i s t u r b a n c e s  and  m easu rem en t  n o i s e .  The 
method p r e s e r v e s  t h e  b a s i c  s i m p l i c i t y  o f  t h e  l e a s t - s q u a r e  e s t i m a t i o n  
p r o c e d u r e ,  y e t  i t  does  n o t  r e q u i r e  a  p r i o r i  i n f o r m a t i o n  on t h e  n o i s e  
s t a t i s t i c s .  The a p p r o a c h  i s  t o  a p p r o x i m a t e  t h e  o p t i m a l  i n s t r u m e n t a l  
v a r i a b l e s  w i t h  t h e  o u t p u t  o f  an  a u x i l i a r y  model t h a t  i s  ru n  i n  p a r a l l e l  
w i t h  t h e  p l a n t  and  u t i l i z e s  c u r r e n t  e s t i m a t e s  o f  t h e  p a r a m e t e r s .  The 
r e c u r s i v e  a l g o r i t h m  i s  m o d i f i e d  t o  p e r m i t  t r a c k i n g  o f  p a r a m e t e r  v a r i ­
a t i o n  f o r  a  t im e  v a r i a b l e  s y s t e m .  The method i s  e x t e n d e d  f o r  u se  a s  a  
s e q u e n t i a l  l i n e a r i z a t i o n  o f  a  n o n - l i n e a r  p r o c e s s  and  i t  i s  shown t o  
a p p l y  t o  a s i m u l a t e d ,  J a c k e t e d  c h e m i c a l  r e a c t o r .
The method m s  a p p l i e d  t o  a n  overdamped s e c o n d - o r d e r  exam ple  t o  
d e m o n s t r a t e  i t s  p e r f o r m a n c e  i n  c o m p a r i s o n  t o  l e a s t - s q u a r e s  e s t i m a t i o n  
and  to  s t u d y  t h e  s e l e c t i o n  o f  v a r i o u s  " t u n i n g "  p a r a m e t e r s  t o  be u s e d  
i n  i t s  i m p l e m e n t a t i o n .  P r i n c i p l e  among t h e s e  p a r a m e t e r s  i s  t h e  sam­
p l i n g  i n t e r v a l  w h ich  i s  shown t o  have  a  m u l t i c o l l i n e a r i t y  e f f e c t  on 
t h e  r e g r e s s i o n  m a t r i x  o f  t h e  d i f f e r e n c e  e q u a t i o n  model i f  t h e  s a m p l i n g  
r a t e  i s  to o  r a p i d .  Both t h e  s t o c h a s t i c  p r o c e s s  and  t h e  d e t e r m i n i s t i c  
p r o c e s s  s u b j e c t  t o  m easu rem en t  n o i s e  a r e  c o n s i d e r e d .  A p p l i c a t i o n s  
i n c l u d e  o p e n -  and  c l o s e d - l o o p  c o n f i g u r a t i o n s  and  I n  t h e  l a t t e r  c a s e  
i t  i s  shown t h a t  s e t  p o i n t  v a r i a t i o n  i s  n e c e s s a r y  f o r  e s t i m a t i o n .
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The c u l m i n a t i o n  o f  t h e  r e s e a r c h  i s  t h e  u s e  o f  t h e  e s t i m a t i o n  t e c h ­
n i q u e  i n  a  s e l f - a d a p t i v e  c o n t r o l  s t r a t e g y .  In  s u ch  o n - l i n e  a p p l i c a ­
t i o n s ,  t h i s  s t r a i g h t f o r w a r d ,  y e t  e f f e c t i v e ,  method i s  a b l e  t o  f u n c t i o n  




Dynamica l  s y s t e m s  r e p r e s e n t a t i v e  o f  t h e  p r o c e s s  i n d u s t r y  do n o t  
r e a d i l y  l e n d  t h e m s e l v e s  t o  s i m p l e  m a t h e m a t i c a l  d e s c r i p t i o n .  In c o n ­
t r a s t ,  many s y s t e m s  s t u d i e d  i n  f i e l d s  l i k e  a e r o s p a c e  o r  e l e c t r o n i c  
e n g i n e e r i n g  a r e  w e l l  u n d e r s t o o d  and  c a n  be r e p r e s e n t e d  by l o w - o r d e r  
l i n e a r  m o d e l s .  For  t h i s  r e a s o n ,  c o n t r o l  t e c h n o l o g i s t s  In  t h e s e  a r e a s  
have been  f r e e  t o  c o n c e n t r a t e  on t h e  d e v e lo p m en t  o f  c o n t r o l  s t r a t e g i e s .  
I t  i s  w e l l  known t h a t  t h e  p a s t  f i f t e e n  y e a r s  have  w ro u g h t  g r e a t  a d ­
v a n c e s  i n  c o n t r o l  t h e o r y  f o r  t h e  p r o c e s s  w h ich  i s  a m en a b le  t o  d e s c r i p ­
t i o n .  C o n s e q u e n t l y ,  t h e r e  e x i s t s  a  w o r ld  o f  s p a c e  a g e  t e c h n o l o g y  y e t  
t o  be t a p p e d  by t h e  many f i e l d s  o f  e n d e a v o r  where  t h e  " b l a c k  a r t "  i s  
s t i l l  p r a c t i c e d .  B e f o re  t h e  c h e m i c a l  e n g i n e e r  c a n  a p p l y  t h e  s o p h i s ­
t i c a t e d  s t r a t e g i e s  o f  t h e  c o n t r o l  t h e o r i s t s  he  m us t  be c a p a b l e  o f  
d e s c r i b i n g  h i s  p r o c e s s  m a t h e m a t i c a l l y .
Two a p p r o a c h e s  a r e  a v a i l a b l e  f o r  t h e  d e t e r m i n a t i o n  o f  a  m a t h e m a t i ­
c a l  m o d e l .  One i s  an  a n a l y t i c  a p p r o a c h  i n  w h ich  t h e  e n g i n e e r  t r i e s  t o  
i n c o r p o r a t e  a l l  t h a t  i s  known a b o u t  t h e  p r o c e s s  i n t o  e q u a t i o n  form. 
T y p i c a l l y ,  t h e  r e s u l t i n g  e x p r e s s i o n  i s  a  h l g h - o r d e r  s y s t e m  o f  n o n ­
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  S in c e  much o f  c o n t r o l  t h e o r y  i s  b a s e d  
on t h e  l i n e a r  p r o c e s s ,  i t  i s  g e n e r a l l y  n e c e s s a r y  t o  l i n e a r i z e  t h i s  
r e s u l t  b e f o r e  i t  c a n  be u s e d .  A l t e r n a t e l y ,  i t  h a s  b e en  t r a d i t i o n a l  i n  
t h e  p r o c e s s  I n d u s t r y  t o  d e s c r i b e  a  p r o c e s s  u s i n g  e m p i r i c a l  m e th o d s .
T h i s  a p p r o a c h  s i m p l i f i e s  t h e  m a t h e m a t i c s  c o n s i d e r a b l y  and  t h e  a n s w e r s
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i t  p r o v i d e s  a r e  u s u a l l y  a s  c l o s e  t o  t h e  f a c t  a s  t h o s e  o b t a i n e d  v i a  t h e  
fo r m er  a p p r o a c h .  The m a j o r  l i m i t a t i o n  o f  t h e  e m p i r i c a l  m e thod  h a s  been  
t h e  I n h e r e n t  I n f l e x i b i l i t y .  T ha t  i s .  a  change  i n  t h e  o p e r a t i n g  c o n d i ­
t i o n s  r e q u i r e d  t h a t  t h e  p r o b l e m  be  r e - w o r k e d  a n d ,  a l t h o u g h  i t  was f r e ­
q u e n t l y  p r a c t i c e d ,  e x t r a p o l a t i o n  was n o t h i n g  s h o r t  o f  g u e s s  work .
Today, w i t h  t h e  a i d  o f  a n  o n - l i n e  d i g i t a l  c o m p u t e r ,  i t  i s  now 
p o s s i b l e  t o  u se  an  e m p i r i c a l  model t o  r e p r e s e n t  a  n o n - l i n e a r  p l a n t  i n  
a s e q u e n t i a l  m anner .  S p e c i f i c a l l y ,  a l o w - o r d e r  l i n e a r  model i s  s e ­
l e c t e d  t o  r e p r e s e n t  t h e  dynamic  s y s t e m .  By u se  o f  t h e  p r o p e r  e s t i m a ­
t i o n  a l g o r i t h m ,  t h e  c o m p u te r  i s  a b l e  t o  p ro d u c e  u p d a t e d  p a r a m e t e r  
e s t i m a t e s  f o r  t h e  e m p i r i c a l  model a t  e a c h  sample  I n s t a n t .  With  t h i s  
q u a s i - l i n e a r i z a t i o n  p r o c e d u r e  i t  i s  now f e a s i b l e  f o r  t h e  c h e m i c a l  e n g i ­
n e e r  t o  c h a r a c t e r i z e  t h e  dynam ics  o f  h i s  p r o c e s s  s u f f i c i e n t l y  t o  be 
a b l e  t o  a p p l y  such  a d v a n c e d  c o n t r o l  t e c h n i q u e s  a s  t h e  s e l f - a d a p t i v e  
s t r a t e g y .
B ecause  t h e  c h a r a c t e r i s t i c s  o f  many p r o c e s s e s  a r e  t im e  v a r i a n t  
a n d / o r  n o n - l i n e a r ,  i t  i s  n e c e s s a r y  t o  c o n t i n u o u s l y  m o n i t o r  a n d  a d j u s t  
c o n t r o l l e r  s e t t i n g s  i n  o r d e r  t o  m a i n t a i n  s u i t a b l e  c o n t r o l .  In  a n  
e f f o r t  t o  a u t o m a t e  t h i s  p r o c e d u r e ,  t h e  s e l f - a d a p t i v e  s t a t e g y  em ploys  
an  o n - l i n e  i d e n t i f i c a t i o n  method t o  d e r i v e  a s i m p l e  p r o c e s s  model and 
t h i s  i n f o r m a t i o n  i s  In  t u r n  u s e d  by a n  a d a p t ! v e - c o n t r o l l e r  t o  a d j u s t  
i t s e l f  t o  meet t h e  c h a n g i n g  p l a n t  d y n a m ic s .  The h e a r t  o f  t h i s  s t r a t e g y  
i s  o n - l i n e  i d e n t i f i c a t i o n .
T h i s  r e s e a r c h  i s  a  s t u d y  o f  one m ethod  o f  p r o c e s s  i d e n t i f i c a t i o n  -  
n a m e ly ,  t h e  i n s t r u m e n t a l - v a r i a b l e  m e th o d .  T h i s  method can  be u s e d  t o  
e s t i m a t e  model p a r a m e t e r s  from a n  a r r a y  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  
i n v o l v i n g  t h e s e  p a r a m e t e r s ,  a  s e t  o f  o b s e r v a t i o n s ,  and  a s e t  o f  u n o b ­
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s e r v a b l e  n o i s e  t e r n s .  The e s t i m a t e s  a r e  o b t a i n e d  by f i r s t  m u l t i p l y i n g  
t h e  a r r a y  by a  r e c t a n g u l a r  m a t r i x  o f  " I n s t r u m e n t s ' ’ t o  y i e l d  a s q u a r e  
I n v e r t i b l e  m a t r i x  w h ich  i s  t h e n  s o l v e d  f o r  t h e  e s t i m a t e s .
T h i s  method I s  i n  f a c t  one o u t  o f  a h o s t  o f  m ethods  t h a t  have  been  
p r o p o s e d .  However,  i t  i s  w i t h  t h e  p u r p o s e  t h a t  t h e  i d e n t i f i e r  be 
i n c l u d e d  i n  a n  a d a p t i v e  c o n t r o l  c o n f i g u r a t i o n  t h a t  t h e  s t u d y  i s  made. 
With  t h i s  i n t e n t i o n ,  t h e  I n s t r u m e n t a l - v a r i a b l e  method o f f e r s  c e r t a i n  
a d v a n t a g e s .  F i r s t ,  I t  I s  s i m p l e  a s  i t  i s  b a s e d  on t h e  c l a s s i c a l  l e a s t -  
s q u a r e s  m e th o d .  I t  can  t h e r e f o r e  be e x p r e s s e d  In  t h e  r e c u r s i v e  form 
o f  t h e  l e a s t - s q u a r e s  e s t i m a t o r  and  a c c r u e  t h e  a d v a n t a g e s  o f  r e a l - t i m e  
o p e r a t i o n .  I t  c a n  be e x p r e s s e d  i n  t h e  dynamic  form o f  t h e  l e a s t -  
s q u a r e s  e s t i m a t o r  and  t h e r e b y  r e a l i z e  t h e  a b i l i t y  t o  t r a c k  p r o c e s s  
p a r a m e t e r  v a r i a t i o n s .  S e c o n d l y ,  i t  c a r r i e s  a  c e r t a i n  m e as u re  o f  s o ­
p h i s t i c a t i o n  w i t h o u t  r e q u i r i n g  s t a t i s t i c s  on t h e  d i s t u r b a n c e s .  Tha t  
i s ,  i t  w i l l  be shown t o  be  a b l e  t o  e s t i m a t e  model p a r a m e t e r s  i n  t h e  
p r e s e n c e  o f  m easu rem en t  n o i s e .  I t  w i l l  be shown t o  be c a p a b l e  o f  
a p p r o x i m a t i n g  th e  d y n am ics  o f  a  n o n - l i n e a r  p r o c e s s  w i t h  a l o w - o r d e r  
l i n e a r  model  i n  a  s e q u e n t i a l  m anner .
The f i r s t  p o r t i o n  o f  t h i s  r e s e a r c h  i s  a n  e x h a u s t i v e  r t i d y  o f  t h e  
i n s t r u m e n t a l - v a r i a b l e  i d e n t i f i c a t i o n  m ethod  t s  i t  a p p l i e s  t o  t h e  o p en -  
loop  c o n f i g u r a t i o n .  The p r e s e n t a t i o n  and  d e v e lo p m e n t  h e r e  a r e  n o t  
u n i q u e  b u t  th e  c o m p u t a t i o n a l  r e s u l t s  a r e  b o th  w o r th y  and  c o n s i d e r a b l e .  
Both  t h e  s t a t i c  and  dynamic  a l g o r i t h m  a r e  e x a m i n e d .  The e f f e c t  o f  
m easu rem en t  n o i s e  a n d  p l a n t  d i s t u r b a n c e s  a r e  p r e s e n t e d .  A p r a c t i c a l  
g u i d e  i s  d e v e l o p e d  w hereby  t h e  e s t i m a t i o n  a l g o r i t h m  maybe " t u n e d " .  
P r i n c i p l e  h e r e  i s  t h e  s e l e c t i o n  o f  t h e  sam ple  r a t e  due t o  e f f e c t s  o f
u
m u l t i c o l l i n e a r i t y  o f  t h e  r e g r e s s i o n  m a t r i x .  F i n a l l y ,  d is c u s s io n  i s  
g i v e n  t o  t h e  e f f e c t  o f  dead  t i m e .
Chapter III is concerned with identification of the process in 
the closed-loop system to include the self-adaptive configuration*
The a p p r o a c h  i s  t o  i d e n t i f y  t h e  p r o c e s s  e q u a t i o n  s i n g u l a r l y  from t h e  
s i m u l t a n e o u s  s e t  i n  which  i t  i s  embedded. I t  i s  shown t h a t  i d e n t i f i ­
c a t i o n  o f  t h e  p r o c e s s  i n  t h e  f e e d b a c k  c o n t r o l  l o o p  must depend  on s e t -  
p o i n t  v a r i a t i o n  to  be o f  p r a c t i c a l  u s e  i n  o n - l i n e  a p p l i c a t i o n s  su ch  a s  
a d a p t i v e  c o n t r o l .
C h a p t e r  IV i s  a n  a p p l i c a t i o n  o f  t h e  i n s t r u m e n t a l - v a r i a b l e  method 
t o  a n o n - l i n e a r  c h e m i c a l  r e a c t o r .  T h i s  i s  s p e c i f i c a l l y  a  s t u d y  o f  
t h e  e m p i r i c a l  a p p r o a c h  t o  model d e t e r m i n a t i o n  an d  i t  i s  an  a t t e m p t  t o  
g e t  c l o s e r  t o  a p p l i c a t i o n  i n  t h e  " r e a l "  w o r l d .  C o n s i d e r a t i o n  i s  g i v e n  
b o t h  t o  o p e n - l o o p  a n d  t o  c l o s e d - l o o p  i d e n t i f i c a t i o n .
CHAPTER I I
OPEN-LOOP IDENTIFICATION OF A NOISY PROCESS UTILIZING 
A SEQUENTIAL INSTRUMQPIAL-VARIABLE ESTIMATOR
I n t r o d u c t i o n
S t a t e d  s i m p l y ,  p r o c e s s  I d e n t i f i c a t i o n  i s  t h e  p ro b le m  o f  d e t e r m i n ­
in g  a  d e s c r i p t i o n  o f  t h e  r e l a t i o n s h i p  b e tw ee n  t h e  i n p u t  a n d  o u t p u t  
v a r i a b l e s  o f  t h e  p r o c e s s .  The f a c t  t h a t  t h e  unknown p l a n t  h a s  been  
s e l e c t e d  f o r  s t u d y  may s u g g e s t  n o n - l i n e a r  b e h a v i o r ,  t i m e - v a r i a b l e  
p a r a m e t e r s ,  o r  s im p ly  a l i n e a r  s y s t e m  o p e r a t i n g  i n  a n  e x t r e m e  e n v i r o n ­
m e n t .  F u r t h e r ,  t h e  p l a n t  may have  a  number o f  i n p u t  and  o u t p u t  v a r i ­
a b l e s  i n  which  c a s e  i t  I s  t e rm e d  m u l t i v a r i a b l e .  I t  i s  i m p o r t a n t  t o  
make t h e  d i s t i n c t i o n  b e tw e e n  t h e  i d e n t i f i c a t i o n  p r o b le m  and  t h e  s i m i ­
l a r ,  b u t  i n v e r s e ,  p ro b lem  o f  o u t p u t  e s t i m a t i o n .  I n  e s t i m a t i o n ,  t h e  
p h y s i c a l  r e l a t i o n s h i p  b e tw een  t h e  i n p u t  and  o u t p u t  I s  g i v e n  (known) 
and  e i t h e r  a  f i l t e r e d  o r  p r e d i c t i v e  e s t i m a t e  o f  t h e  o u t p u t  i s  d e s i r e d .  
The p ro b le m  t h a t  i s  g e n e r a l l y  r e f e r r e d  t o  a s  " o p t i m a l "  r e q u i r e s  a  
s t a t i s t i c a l  d e s c r i p t i o n  o f  a l l  n o i s e  and  d i s t u r b a n c e  p r o c e s s e s  i n t r o ­
duced  i n t o  t h e  s y s t e m .  In  t h i s  d i s s e r t a t i o n ,  t h e  d i s t u r b a n c e  w i l l  
a lw a y s  be  an  i m p o r t a n t  unknown and  c o n s e q u e n t  c h a l l e n g e .  The " r e l a ­
t i o n s h i p "  i s  comnonly c a l l e d  t h e  m a t h e m a t i c a l  model o f  t h e  p r o c e s s  a n d ,  
a s  s u g g e s t e d ,  may be u t i l i z e d  f o r  t h e  p rp o s e  o f  o u t p u t  e s t i m a t i o n ,  
f i l t r a t i o n ,  p r e d i c t i o n ,  o r  c o n t r o l .
More s p e c i f i c a l l y ,  t h e  f o l l o w i n g  i d e n t i f i c a t i o n  p ro b le m  i s  c o n ­
s i d e r e d .  G iven  t h e  d l s c r e t e - d a t a  r e c o r d  o f  a s e q u e n c e  i n  i n p u t s
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£u ( t ) ;  t - l , 2  Kj o r  { u ( t ) } R and  t h e  c o r r e s p o n d i n g ,  d i s t u r b a n c e -
c o r r u p t e d  o u t p u t s  ( y ( t ) } ^  o f  a d y n a m ic a l  s y s te m ,  d e t e r m i n e  t h e  param­
e t e r s  o f  a s u i t a b l e  l i n e a r  model t o  be f i t t e d  t o  t h e  d a t a  r e c o r d .  The 
number o f  o b s e r v a t i o n s ,  K, i s  l a r g e r  t h a n  t h e  number o f  p a r a m e t e r s  t o  
be e s t i m a t e d .
To be o f  p r a c t i c a l  u se  i n  an a d a p t i v e  c o n t r o l  s t r a t e g y ,  t h e  p r o b ­
lem a s  s t a t e d  i s  to o  g e n e r a l  and  f u r t h e r  r e s t r i c t i o n s  a r e  n e e d e d .  A 
m a jo r  r e q u i r e m e n t  o f  a d a p t i v e  p h i lo s o p h y  i s  t h a t  i d e n t i f i c a t i o n  be 
pe r fo rm ed  " o n - l i n e 1* and i n  t h e  p r e s e n c e  o f  th e  s y s t e m ' s  norm al  o p e r a ­
t i n g  s i g n a l s  and  d i s t u r b a n c e s .  In  f a c t ,  a  w o r th w h i l e  o b j e c t i v e  i s  th e  
a b i l i t y  t o  a c c o m p l i s h  th e  i d e n t i f i c a t i o n  t a s k  u s i n g  o n ly  t h e  no rm a l  
c o n t r o l  i n p u t s .  An o b v io u s  r e s t r i c t i o n  i s  t h a t  t h e  c o m p u ta t io n  t im e  
f o r  i d e n t i f i c a t i o n  be r e a s o n a b l y  s h o r t  compared t o  the  s am p l in g  t im e  
r e q u i r e d  t o  m a i n t a i n  good c o n t r o l .  I t  i s  f u r t h e r  n e c e s s a r y  t h a t  th e
c o m p u t a t i o n  t ime  be s h o r t  compared  t o  t h e  r a t e  o f  v a r i a t i o n  o f  t h e
p r o c e s s  p a r a m e t e r s .  A r e s t r i c t i o n  c l o s e l y  a l l i e d  t o  s h o r t  i d e n t i f i ­
c a t i o n  t im e  i s  t h a t  d a t a  s t o r a g e  s h o u l d  be m in im ize d .  These r e q u i r e ­
ments  s u g g e s t  a r e c u r s i v e  t e c h n i q u e  which  i s  c a p a b l e  o f  im p ro v in g  i t s  
e s t i m a t e s  a s  more d a t a  i s  r e c e i v e d  and  i s  a b l e  t o  d e t e c t  p a r a m e t e r
v a r i a t i o n  a t  the  same t i m e .  The g e n e r a l  a p p r o a c h  i s  t h e n  a  q u a s i -
l i n e a r i z a t i o n  p r o c e d u r e  which  y i e l d s  a  model o f  t h e  p l a n t  a t  e ach  sam­
p l i n g  i n s t a n t .
I d e n t i f i c a t i o n  methods can  be b r o a d l y  c l a s s i f i e d  a s  e i t h e r  p a r a ­
m e t r i c  o r  n o n p a r a m e t r l c  m e th o d s .  T e c h n iq u e s  b e l o n g i n g  t o  t h e  fo rm er  
d i v i s i o n  a r e  o f  i n t e r e s t  h e r e  and  th e y  t y p i c a l l y  r e d u c e  t h e  i d e n t i ­
f i c a t i o n  p rob lem  t o  p a r a m e t e r  e s t i m a t i o n  once t h e  form o f  t h e  m a the ­
m a t i c a l  model I s  p r o p o s e d .  P a r a m e t r i c  methods  c an  be c o n s i d e r a b l y
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s i m p l i f i e d  i f  a  p r i o r i  i n f o r m a t i o n  on t h e  model  o r d e r  and  dead  t im e  i s  
a v a i l a b l e .  I n  t h e  a b s e n c e  o f  a  p r i o r i  i n f o r m a t i o n ,  a s s u m p t i o n s  s h o u l d  
be made t o  a v o i d  i t e r a t i v e  s o l u t i o n s .  In  t h i s  c o n n e c t i o n ,  i t  l a  im p o r ­
t a n t  t o  remember t h a t  p a r a m e t e r  e s t i m a t e s  a r e  m a i n t a i n e d  a t  e a c h  sam­
p l i n g  i n s t a n t  so  ev en  t h e  s im p le  f i r s t - o r d e r  model  s h o u ld  g e n e r a l l y  
p r o v i d e  a d e q u a t e  s t r u c t u r e  f o r  c o n t r o l  p u r p o s e s .
The p r o c e d u r e  o f  p a r a m e t r i c  i d e n t i f i c a t i o n  c a n  be s e p a r a t e d  i n t o  
two d i s t i n c t  s t a g e s .  The a l g e b r a i c  e q u a t i o n s  r e l a t i n g  t h e  unknown 
model p a r a m e t e r s ,  t h e  o b s e r v a t i o n  s e t ,  and  a s e t  o f  u n o b s e r v a b l e  n o i s e  
t e r m s  a r e  f i r s t  e s t a b l i s h e d .  I t  i s  t h e n  n e c e s s a r y  t o  d e t e r m i n e  t h e  
model p a r a m e t e r s  by some s u i t a b l e  e s t i m a t i o n  t e c h n i q u e .  The t h e o r y  i n  
t h i s  c h a p t e r  w i l l  be  d e v e l o p e d  upon t h i s  f ramework  and  w i l l  s e t  f o r t h  
t h e  n o m e n c l a t u r e  f o r  t h e  e n t i r e  d i s s e r t a t i o n .  A f e a t u r e  t o p i c  on m u l t i ­
c o l l i n e a r i t y  e f f e c t s  o f  t h e  d i f f e r e n c e  e q u a t i o n  model w i l l  be p r e s e n t e d .  
C o m p u t a t i o n a l  r e s u l t s  and  c o m p a r i s o n s  a r e  g i v e n  f o r  a  s e l e c t e d  s e c o n d -  
o r d e r  p l a n t  w i t h  p a r t i c u l a r  i n t e r e s t  g i v e n  t o  t h e  e f f e c t s  o f  m e a s u r e ­
ment n o i s e  on I d e n t i f i e r  p e r f o r m a n c e  a n d  t h e  s e l e c t i o n  o f  i d e n t i f i e r  
t u n i n g  p a r a m e t e r s .
S p e c i f i c a t i o n  o f  t h e  Model
The f i r s t  s t e p  o f  t h e  i d e n t i f i c a t i o n  p ro b le m  i s  t h e  s p e c i f i c a t i o n  
o f  an  a l g e b r a i c  s t r u c t u r e  b e tw ee n  t h e  i n p u t  and  o u t p u t  v a r i a b l e s .  T h i s  
model  I s  p o s t u l a t e d  a p r i o r i  and  s t em s  from t h e  u n d e r l y i n g  t h e o r y  g ov­
e r n i n g  th e  p a r t i c u l a r  dynamic  s y s t e m  u n d e r  i n v e s t i g a t i o n .  B ecause  m os t  
a d a p t i v e  c o n t r o l  and  o p t i m i z a t i o n  p ro b le m s  a r e  t i m e - v a r y i n g  a n d / o r  
n o n l i n e a r ,  c o n v e n i e n c e  h a s  r e p l a c e d  t h e  c l a s s i c a l  f r e q u e n c y - d o m a i n  
a n a l y s i s  w i t h  t im e - d o m a in  m e th o d s .  I t  ha s  become s t a n d a r d  i n  t i m e -
domain  a n a l y s i s  t o  d e s c r i b e  dynamic  s y s t e m s  by f i r s t - o r d e r  s e t s  o f  
s i m u l t a n e o u s  d i f t ' e r e n t l a l  e q u a t i o n s  w r i t t e n  i n  m a t r i x  f o r m a t .
The A l g e b r a i c  S t r u c t u r e
C o n s i d e r  t h e  s t a t e - v a r i a b l e  e q u a t i o n
x =■ F ( t ) x  + G ( t ) u  ( 1)
where
x ( t )  -  t h e  n - v e c t o r  o f  s t a t e  V a r i a b l e s .
u ( t )  * t h e  r - v e c t o r  o f  c o n t r o l s ,
F ( t )  * an  nxn m a t r i x ,
G(t) ■ an nxr matrix.
I f  y ( t , t Q) I s  t h e  s t a t e  t r a n s i t i o n  m a t r i x ,  t h e n  t h e  s o l u t i o n  t o  
E q u a t i o n  1 i s
t
x(t) = v < t , t 0 ) x o + J Y (t,T)G(T)u(T)dT (2 )
o
The d i s c r e t e - t i m e  e q u i v a l e n t  o f  E q u a t i o n  2 f o r  t h e  c a s e  w here  t h e  s y s ­
tem i s  s t a t i o n a r y  i s
* t + l  " Y ( T ) xt + T(T)ut ( 3 )
w here  T i s  t h e  sam ple  i n t e r v a l  [ ( t + 1 )  -  t ]  and  i s  c o n s t a n t .  For  s im ­
p l i c i t y ,  i t  i s  a ssumed t h a t  y  i s  o f  maximum r a n k .  T h i s  i m p l i e s  t h a t  Y
i s  d e r i v e d  from a l i n e a r  s e t  o f  c o n s t a n t - c o e f f i c i e n t  d i f f e r e n t i a l  e q u a ­
t i o n s ,  o r  i f  t h e  model  i s  o b t a i n e d  by l i n e a r i z i n g  a b o u t  a n  o p e r a t i n g  
p o i n t ,  i t  I s  a ssum ed  t h a t  t h e  n e c e s s a r y  c o n d i t i o n s  e x i s t  f o r  t h e  
J a c o b i a n  m a t r i x  Y t o  be o f  r a n k  n .  I t  i s  a l s o  a ssum ed  t h a t  t h e  s y s te m
i s  c o m p l e t e l y  c o n t r o l l a b l e  and  c o m p l e t e l y  o b s e r v a b l e  w here  t h e  o b s e r v ­
a b i l i t y  i s  g i v e n  by
yt - HTxt (4)
w here  y i s  an  m - v e c t o r  o f  o b s e r v a b l e s .
C o n s i d e r a t i o n  i s  now r e s t r i c t e d  t o  t h e  s i n g l e - i n p u t , s i n g l e - o u t p u t  
m ode l .  In  t h i s  c a s e  t h e  v e c t o r s  y  and  become s c a l a r s .  F u r t h e r ,  
i t  i s  c o n v e n i e n t  t o  make two t r a n s f o r m a t i o n s  on t h e  model  o f  E q u a t i o n s  
3 and  4 .  The f i r s t  t r a n s f o r m s  E q u a t i o n s  3 and  4 i n t o  t h e i r  c a n o n i c a l  
e q u i v a l e n t s .  The s ec o n d  t r a n s f o r m s  t h e  c a n o n i c a l  form i n t o  a  d i f f e r ­
ence  e q u a t i o n ,  and  v i c e  v e r s a .  An e x p r e s s i o n  f o r  t h e  r e l a t i o n s h i p  
b e tw een  t h e  v a r i a b l e s  o f  t h e  s t a t e  and  d i f f e r e n c e  e q u a t i o n s  would  
r e q u i r e  a l e n g t h y  d e v e lo p m en t  and  f o r  t h i s  r e a s o n  t h e  r e a d e r  i s  r e ­
f e r r e d  t o  t h e  monograph o f  Lee ( 1 ) ,  p a g e s  8 5 - 9 3 ,  f o r  t h e  d e t a i l e d  t r a n s ­
f o r m a t i o n s .  The r e s u l t i n g  d i f f e r e n c e  e q u a t i o n  can  be w r i t t e n  i n  t e r m s  
o f  i t s  d i s t u r b a n c a - f r e e  o u t p u t ,  c t , t o  g i v e
c * a , c *. i + a ^ c  + . . .  + a  c + b u t  1 t - 1  2 t - 2  p t - p  1 t-M-1
+ b -u  + . . .  + b u ( 5 )2 t - M - :  q t -M -q  '
where  M r e p r e s e n t s  t h e  p r o c e s s  dead  t im e  i n  I n t e g e r  n u l t l p l e s  o f  t h e  
sample  i n t e r v a l ,  T, and  p and  q a r e  t h e  number o f  o u t p u t  a n d  i n p u t  
t e rm s  r e s p e c t i v e l y .  For c l a r i f i c a t i o n ,  t h e  d i f f e r e n c e  e q u a t i o n  may 
a l s o  be e x p r e s s e d  by i t s  p u l s e  t r a n s f e r  f u n c t i o n  ( 2 )
HCU) .  .  v  1 + v  2 + + V  **______ -M
1 } U (z )  , - 1  - 2  - p  z1 - a  z - a  z - . . .  -  a  z r 1 2  p
S i m p l i f i c a t i o n  o f  E q u a t i o n  5 c a n  be r e a l i z e d  by u t i l i z i n g  t h e  n o t a t i o n  
c t  -  A (z  1 ) c (; + B(z 1 ) u t  ( 7 )
where
- 1  - 1  - 2  - pA(z  ) -  a  z + a _ z  + . . .  + a  z1 2  p
B(z *) -  b . z  1 + b z 2 + . . .  + b z q 1 2  q
and  z * i s  t h e  backw ard  s h i f t  o r  t r a n s l a t i o n  o p e r a t o r  z * c ( t )  -  c ( t - l ) .
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F i n a l l y ,  a l l  m odel p aram eters can be com bined y i e ld in g  th e  v e c to r  
e q u a t i o n
c t “ cpxt _ i  ; t ■ 1 , 2 , . . .  ,K ( 8 )
where
CP M . . .  f c p b j ^  • • ■ (®)
* Tt - l  ■ [ c t - l  c t - 2  • • •  c t - p  u t - M - 2  • • •  “ t -M - , 3
The t r a n s f o r m a t i o n  to  d i f f e r e n c e  e q u a t i o n  fo rm  was p e r f o r m e d  f o r
two v e r y  I m p o r t a n t  r e a s o n s .  F i r s t  o f  a l l ,  when a p p l y i n g  r e g r e s s i o n  
m e th o d s  t o  p r o c e s s  i d e n t i f i c a t i o n ,  i t  i s  n e c e s s a r y  t o  assume t h a t  a l l  
o f  t h e  v a r i a b l e s  which a p p e a r  i n  t h e  model a r e  a v a i l a b l e  f o r  m e a s u r e ­
ment e i t h e r  d i r e c t l y  o r  i n d i r e c t l y  from s e n s o r  o u t p u t s  ( 3 ) .  T h i s  i s  a  
p ro b le m  w i t h  d i f f e r e n t i a l  e q u a t i o n  and  s t a t e - v a r i a b l e  e q u a t i o n  m o d e l s .  
S e c o n d l y ,  d i f f e r e n c e  e q u a t i o n  i d e n t i f i c a t i o n  r e q u i r e s  t h e  e s t i m a t i o n  
o f  o n ly  n p a r a m e t e r s  w here  n  * (p  + q )  ( 1 ) .  On t h e  o t h e r  h a n d ,  e s t i ­
m a t i o n  o f  t h e  s t a t e - t r a n s i t  io n  and  d r i v i n g  m a t r i x  r e q u i r e s  t h e  e s t  l m a t l o n  
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o f  (n  + n r  ) p a r a m e t e r s .  The r e a d e r  i s  r e f e r r e d  t o  Swanlck  and  M cC o rk e l l  ( 4 )  
and  t h e  r e f e r e n c e s  a t  t h e  end o f  t h a t  a r t i c l e  f o r  a  c o m p l e t e  s e r i e s  on 
r e g r e s s i o n  m ethods  a p p l i e d  t o  t h e  I d e n t i f i c a t i o n  o f  t h e  s t a t e - v a r i a b l e  m o d e l .
The S t a t i s t i c a l  Model
The t a s k  now i s  t o  make t h e  m a t h e m a t i c a l  model d e v e l o p e d  i n  t h e  
l a s t  s e c t i o n  to  f i t  w i t h i n  t h e  r e a lm  o f  m e asu re m e n ts  and  u n c e r t a i n t y .
For t h e  s p e c i a l  c a s e  o f  E q u a t i o n  8 i n  which  t h e  model i s  f i r s t - o r d e r ,  
i t  i s  o n l y  r e q u i r e d  t h a t  two model p a r a m e t e r s  be  e s t i m a t e d .  F u r t h e r ,
I f  c ( were  a c c e s s i b l e  w i t h o u t  e r r o r  and  th e  model f i t  t h e  p r o c e s s  
e x a c t l y ,  t h e n  o n ly  two d a t a  s e t s  ( o b s e r v a t i o n s )  would  be r e q u i r e d  i n  
o r d e r  t o  d e t e r m i n e  t h e  model p a r a m e t e r s  e x a c t l y .  T h a t  i s ,  two o b s e r ­
v a t i o n s  would g i v e  two e q u a t i o n s  and  two unknowns. But i n  p r a c t i c e
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t h e r e  e x i s t  v a r i o u s  am oun ts  o f  u n c e r t a i n t y ,  h e n ce  t h e  em erg en ce  o f  t h e  
p ro b le m  w hich  I s  t o  be  d i s c u s s e d  i n  t h i s  d i s s e r t a t i o n .
The remedy i s  t r  p r o v i d e  E q u a t i o n  8 w i t h  a  s t a t i s t i c a l  d e g r e e  o f  
f r e e d o m .  The two m a j o r  s o u r c e s  o f  u n c e r t a i n t y  i n  t h e  e q u a t i o n  a r e :
( 1 ) t h e  i n a b i l i t y  o f  t h e  model t o  d e s c r i b e  t h e  p r o c e s s  and  ( 2 ) t h e  d i s ­
t u r b a n c e s  e n t e r i n g  t h e  p r o c e s s .  The f o l l o w i n g  e q u a t i o n - e r r o r  model i s  
t h e r e f o r e  h y p o t h e s i z e d  t o  a c c o u n t  f o r  t h e  u n c e r t a i n t i e s
Ct = ' ^ t - l  + Wd t ’ t  “ ( 1 0 )
where  K i s  t h e  number o f  o b s e r v a t i o n s .
E q u a t i o n  10 i s  now e x t e n d e d  t o  i n c l u d e  t h e  e f f e c t  o f  m easu rem en t  
n o i s e  on t h e  o u t p u t  ( c o n s i d e r e d  t h e  d e p e n d e n t  o r  e n d o g e n e o u s  v a r i a b l e  
i n  r e g r e s s i o n  a n a l y s i s ) .  C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m :
D i s t u r b a n c e  Measurement
H(s>
P r o c e s s
R e g r e s s i o n
Model P a r a m e t e r s
A g a i n ,  a s e t  o f  K o b s e r v a t i o n s  i s  g i v e n :
{ut ; t  -  1 , 2 , . . . , K )
[ y t ; f “ 1 >2 , . . .  ,K}
As b e f o r e ,  t h e  a l g e b r a i c  s t r u c t u r e  p r e d i c t e d  by t h e o r y  and  a d j u s t e d  f o r  
u n m easu red  d i s t u r b a n c e s  and  e q u a t l o n - u n c e r t a i n t y  i s  g i v e n  by E q u a t i o n  10 .
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But now t h e  t r u e  o u t p u t  c fc l a  n o t  a c c e s s i b l e  and  o n l y  t h e  n o i s e  c o r ­
r u p t e d  m easu rem en t  v a r i a b l e  y I s  a v a i l a b l e .
y t  “  c t  + Wn , t  <U >
For  I l l u s t r a t i o n ,  c o n s i d e r  t h e  f i r s t - o r d e r ,  s p e c i a l  c a s e  o f  E q u a t i o n  10
w i t h  E q u a t i o n  11 s u b s t i t u t e d  f o r  c ^ .
<yt - “ 0 ,C> ■ * l <yt - l  ■ + V t - 1  +  “ d , t
o r
y t  ■ a i y t - i + b i u t - i + (1  - + " d , t  ( 1 2 )
For l i n e a r  s y s t e m s ,  t h e  p r i n c i p l e  o f  s u p e r p o s i t i o n  may be u s e d  t o  com­
b i n e  t h e  e f f e c t s  o f  a l l  u n m easu red  d i s t u r b a n c e s  and  m easu rem en t  n o i s e  
(and  any  o t h e r  f a c t o r s  t h a t  p r o d u c e  a d i f f e r e n c e  b e tw een  th e  model 
o u t p u t  and t h e  o b s e r v e d  o u t p u t )  I n t o  t h e  h y p o t h e t i c a l  e q u a t i o n - e r r u r  
t e r m  w^ t o  g i v e
y t  ■ “ i y t - i  + V t - i  + “ t  <13>
The w^ te rm  r e p r e s e n t s  a  c o r r e l a t e d  d i s t u r b a n c e  I n  g e n e r a l  and  I t  I s
s t a n d a r d  t o  i n t e r p r e t  a s  t h e  o u t p u t  o f  a f i l t e r  w h ich  o p e r a t e s  on
" w h i t e "  n o i s e  t o  g e n e r a t e  t h e  p r o c e s s  d i s t u r b a n c e .  T h i s  r e l a t i o n s h i p
i s  2 1ven ^y
-  C(z“ l ) v t  ( 1 4 )
w i t h  C (z ” 1 ) = 1 +
1 + S( z” )
and  i s  a n  I n d e p e n d e n t  random v a r i a b l e  s u ch  t h a t  I s  h a s  a z e r o  mean 
and  a c o n s t a n t  v a r i a n c e ,  t h a t  I s ,
E [ v t ] -  0 ;  t  -  1 , 2 , . . . f K ( 1 5 a )
E t v t vTt 3 -  ° 2v V *  t  “ l >2  K <l 5 b >
E lem en ts  In  S (z  *) r e p r e s e n t  a u t o c o r r e l a t i o n  t e rm s  w h i l e  e l e m e n t s  In  
R(z *■) r e p r e s e n t  m o v in g - a v e r a g e  t e r m s .
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U sing  E q u a t i o n  7 ,  t h e  g e n e r a l i z e d  form o f  E q u a t i o n  13 can  be 
w r i t t e n
y « A (z  1 )y^ +  B(z 1 )u  + C(z l ) v  ( 1 6 )
b  ^  C  L
o r
[ l  - A ( z - 1 ) ] y t  -  B ( z - 1 ) u t  + C (z _ 1 ) v t  
F i n a l l y ,  E q u a t i o n  16 can  be e x p r e s s e d  i n  r e g r e s s i o n  form by s e p a r a t i n g  
model p a r a m e t e r s  from t h e  o b s e r v a t i o n s  t o  y i e l d  
y t  -  <P -  a 2 . . .  a p b j  b 2 . . .  bq ]
P
P a r a m e t e r  E s t i m a t i o n
X t - 1  * ^y t - l  y t - 2  *•* y t - p  Ut-M-1 ° t - M - 2  *** Ut-M-q-*'
The s ec o n d  s t a g e  o f  t h e  i d e n t i f i c a t i o n  p r o b le m  I s  t h e  e s t i m a t i o n  
o f  t h e  p a r a m e t e r s  o f  t h e  s t o c h a s t i c  m o d e l ,  E q u a t i o n  17.  I t  i s  im p o r ­
t a n t  t o  f i r s t  d i s c u s s  t h e  d e s i r a b l e  p r o p e r t i e s  o f  t h e  s t a t i s t i c a l  e s t i ­
m a to r  ( 5 ) .  An i m p o r t a n t  p r o p e r t y  o f  e s t i m a t e s  I s  t h a t  o f  b e i n g  
" u n b i a s e d "  which  r e f e r s  t o  t h e  f i r s t  moment o f  t h e  d i s t r i b u t i o n  o f  t h e  
e s t i m a t i n g  f u n c t i o n .  I f  f  (x^  , x ^ , . . .  , x ^ )  i s  an  e s t i m a t e  o f  cp, I t  i s  a n  
u n b i a s e d  e s t i m a t e  p r o v i d e d
E[ f f X p X  , . . .  »*K) ]  “ 9  
f o r  any  s e t  o f  sample  v a l u e s  x ^ ,  x ^ ,  - . . .  x ^ .  A n o t h e r  c r i t e r i o n  can  be 
d e v e l o p e d  by c o n s i d e r i n g  t h e  s ec o n d  moment o f  t h e  d i s t r i b u t i o n .  The 
" b e s t  u n b i a s e d  e s t i m a t e "  o r  " m in im u m -v a r ian c e  e s t i m a t e "  o f  cp i s  t h e  one
which  h a s  t h e  p r o p e r t y
2 2 a  -  E [ f ( x 1 (x 2 , . .  , , x ^ )  -  cp] -  minimum
For s i m p l i c i t y ,  t h e  e s t i m a t o r s  t o  be c o n s i d e r e d  a r e  f u r t h e r  r e s t r i c t e d
t o  t h o s e  t h a t  a r e  " l i n e a r "  i n  t h e  o b s e r v a t i o n s .  The p r o p e r t i e s  so  f a r
d e s c r i b e  a n  e s t i m a t o r  t h a t  i s  t h e  " b e s t  l i n e a r  u n b i a s e d  e s t i m a t e " .  For
u n c o r r e l a t e d  d i s t u r b a n c e s ,  t h e  l e a s t - s q u a r e s  (LS) e s t i m a t o r  would
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p o s s e s s  t h e s e  p r o p e r t i e s .  I n  t h e  e s s e  o f  c o r r e l a t e d  d i s t u r b a n c e s , t h e  
LS e s t i m a t o r  would  be non-minimum compared  t o  t h e  g e n e r a l i z e d  l e a s t -  
s q u a r e s  (GLS) e s t i m a t o r  which  would now p o s s e s s  t h e  p r o p e r t i e s  a b o v e .
In  p r a c t i c e  I t  i s  d i f f i c u l t  t o  o b t a i n  u n b i a s e d  e s t i m a t e s  o f  pa ram ­
e t e r s ,  b u t  i n  many c a s e s  I t  i s  p o s s i b l e  t o  o b t a i n  e s t i m a t e s  t h a t  have  
s i m i l a r  p r o p e r t i e s  a s y m p t o t i c a l l y  a s  t h e  sam p le  s i z e  t e n d s  to w a rd s  
i n f i n i t y .  The e s t i m a t e  f ( x ^ , x 2 , . . . 18 s a i d  t o  be a " c o n s i s t e n t "  
e s t i m a t e  o f  cp I f
p l i m  f ( x 1 , x 2 , .  , x  ) -  cp 
K — “
which  s a y s  t h a t  t h e  " l i m i t  i n  p r o b a b i l i t y  o f  f  i s  cp".
The o t h e r  a s y m p t o t i c  p r o p e r t y  o f  e s t i m a t e s  i s  " e f f i c i e n c y " .  The 
e s t i m a t e  f i s  an  e f f i c i e n t  e s t i m a t e  o f  cp i f ,  a s  t h e  sam p le  s i z e  i n ­
c r e a s e s  to w a r d s  i n f i n i t y ,  t h e  d i s t r i b u t i o n  o f  f  t e n d s  t o w a r d s  t h e  n o rm a l  
d i s t r i b u t i o n  w i t h  mean 9 , and  i t s  v a r i a n c e  i s  l e s s  t h a n  any  o t h e r  e s t i ­
mate  h a v i n g  a  no rm a l  d i s t r i b u t i o n  a s  a  l i m i t i n g  d i s t r i b u t i o n .  The 
J o i n t  c r i t e r i o n  o f  c o n s i s t e n c y  and  e f f i c i e n c y  I s  s i m i l a r  t o  t h a t  o f  a  
b e s t  u n b i a s e d  e s t i m a t e  e x c e p t  t h a t  t h e  e f f i c i e n c y  c r i t e r i o n  a p p l i e s  o n l y  
i n  t h e  l i m i t  a s  K — “  and  i t  s e e k s  minimum v a r i a n c e  o n l y  among n o r m a l l y  
d i s t r i b u t e d  e s t i m a t e s .
The S t r u c t u r a l  R e l a t i o n s h i p
I t  would a t  f i r s t  seem p r o p e r  t o  e s t i m a t e  t h e  model p a r a m e t e r s  o f  
E q u a t i o n  17 by a p p l i c a t i o n  o f  e i t h e r  o r d i n a r y  l e a s t - s q u a r e s  (LS) o r  
g e n e r a l i z e d  l e a s t - s q u a r e s  (GLS).  The c h o i c e  w ould  a p p e a r  t o  depend  upon  
t h e  p a r t i c u l a r  a s s u m p t i o n s  made on t h e  d i s t u r b a n c e  t e r m .  The d a n g e r  
i m p l i c i t  i n  t h i s  p r o c e d u r e  h a s  been  p o i n t e d  o u t  by Young ( 3 ) .  E q u a t i o n  
17 does  n o t  r e p r e s e n t  t h e  s i m p l e  r e g r e s s i o n  model upon which  t h e  l e a s t s
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s q u a r e s  t h e o r y  I s  b a s e d ,  b u t  I n s t e a d  c o n t a i n s  " e r r o r s  In  v a r i a b l e s "  
w i t h i n  t h e  x^ v e c t o r  and I s  known a s  a  " s t r u c t u r a l  m o d e l"  ( 6 ) .
The e l e m e n t s  o f  t h e  o b s e r v a t i o n  v e c t o r  c o n s t i t u t e  what a r e  
c a l l e d  e x p l a n a t o r y  v a r i a b l e s  ( I n d e p e n d e n t  v a r i a b l e s )  and  a p p l i c a t i o n  
o f  LS r e q u i r e s  t h a t  t h e s e  v a r i a b l e s  be known e x a c t l y  ( d e t e r m i n i s t i c )  
o r  a t  l e a s t  be u n c o r r e l a t e d  w i t h  t h e  d i s t u r b a n c e  t e r m  i f  t h e  e x p l a n a ­
t o r y  v a r i a b l e s  a r e  t h e m s e l v e s  random.  T ha t  I s ,  i t  m us t  be a ssum ed  t h a t
E [ « t x t ] "  0 ( 1 8 )
o r  t h e  w eak e r  c o n d i t i o n
p l i m  w x = 0 ( 1 9 )
K -•<» t  t
f o r  c o n s i s t e n c y ,  i f  n o t  u n b i a s e d n e s s .  Now, t h e  v e c t o r  x fc c o n t a i n s  
p a s s e d  v a l u e s  o f  t h e  I n p u t  and  o u t p u t  o f  t h e  p r o c e s s .  These  p a s s e d  
v a l u e s  a r e  known a s  " l a g g e d "  v a r i a b l e s .  The p a s s e d  v a l u e s  o f  t h e  I n p u t  
a r e  l a g g e d  v a l u e s  o f  t h e  i n d e p e n d e n t  v a r i a b l e  and  c a u s e  no  d i f f i c u l t y  
f o r  o p e n - l o o p  i d e n t i f i c a t i o n .  Lagged v a l u e s  o f  t h e  o u t p u t  ( d e p e n d e n t )  
v a r i a b l e ,  on th e  o t h e r  h a n d ,  r e p r e s e n t  a r e a l l y  t r o u b l e s o m e  o b s t a c l e  - 
n a m e l y ,  t h a t  t h e  e x p l a n a t o r y  v a r i a b l e s  a r e  c o r r e l a t e d  w i t h  t h e  d i s t u r ­
b a n ce  te rm  and  t h e  a s s u m p t i o n s  o f  E q u a t i o n  18 o r  19 a r e  no l o n g e r  v a l i d .  
Using  t h e  r e s u l t s  o f  s im p le  l i n e a r  r e g r e s s i o n  a n a l y s i s  i n  t h i s  c a s e
w i l l  r e s u l t  i n  e s t i m a t e s  which  a r e  b i a s e d  i n  f i n i t e  s a m p l e s  t o  a  d e g r e e
d e p e n d e n t  on t h e  n o i s e - t o - s l g n a 1 r a t i o .  I f  i n  a d d i t i o n ,  t h e  d i s t u r ­
bance  t e rm  i s  a u t o c o r r e l a t e d ,  t h e n  t h e  c o m b i n a t i o n  o f  l a g g e d  v a r i a b l e s  
and  a u t o c o r r e l a t e d  d i s t u r b a n c e s  r e s u l t  i n  t h e  LS e s t i m a t o r  b e i n g  i n c o n ­
s i s t e n t  ( 7 ) .  Hence ,  i n  any  a p p l i c a t i o n  o f  LS t h e o r y ,  i t  must  be 
assum ed  t h a t  t h e  c o n d i t i o n s  f o r  t h e  v a l i d i t y  o f  t h e  r e s u l t s  a r e  
s a t  i s  f l e d .
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S u rv ey  o f  E s t i m a t i o n  Method*
In  t h e  l a s t  s e c t i o n ,  t h e  p r o b le m s  e n c o u n t e r e d  i n  t h e  a p p l i c a t i o n  
o f  c l a s s i c a l  r e g r e s s i o n  t o  t h e  s t r u c t u r a l  model o f  E q u a t i o n  17 were  
d i s c u s s e d .  The t e c h n i q u e  o f  GLS r e q u i r e s  c o m p l e t e  s p e c i f i c a t i o n  o f  t h e  
d i s t u r b a n c e  f o r  d i r e c t  e s t i m a t i o n  o f  t h e  model p a r a m e t e r s .  An o n - l i n e  
GLS m ethod  o f  e s t i m a t i n g  t h e  c o e f f i c i e n t s  o f  a s i g n a l  p r o c e s s i n g  f i l t e r  
t o  a p p r o x i m a t e  t h e  d i s t u r b a n c e  i s  p r e s e n t e d  by H a s t i n g s - J a m e s  and  
Sage ( 8 ) .
There  a r e  two main  e s t i m a t i o n  m e thods  which  can  be u t i l i z e d  w i t h  
t h e  s t r u c t u r a l  m o d e l .  One i s  t h e  i n s t r u m e n t a l  v a r i a b l e  ( I V )  a p p r o a c h .  
The IV t e c h n i q u e  i s  t h e  a d o p t e d  m ethod  o f  t h i s  r e s e a r c h  a n d  w i l l  be  
d i s c u s s e d  a t  l e n g t h  i n  a n o t h e r  s e c t i o n .  The o t h e r  t e c h n i q u e  i s  t h e  
method o f  maximum l i k e l i h o o d  e s t i m a t e s .  T h i s  m e th o d ,  o r i g i n a l l y  d e v e l ­
oped f o r  o f f - l i n e  c o m p u t a t i o n ,  c a r r i e s  f a i r l y  s t r o n g  a s s u m p t i o n s  a b o u t  
th e  c o v a r i a n c e  m a t r i x  o f  n o i s e  - n a m e ly ,  a l l  t h e  random v a r i a b l e s  i n ­
v o l v e d  a r e  a ssum ed  t o  be G a u s s i a n .  M o re o v e r ,  I n i t i a l  g u e s s e s  o f  t h e  
p a r a m e t e r s  must be made c l o s e  t o  t h e  t r u e  v a l u e s  i n  o r d e r  t o  g u a r a n t e e  
c o n v e r g e n c e .
Two r e c e n t  p a p e r s  (9  and  10) d e a l  s p e c i f i c a l l y  w i t h  t h e  c o m p a r i ­
sons  o f  t h e  p e r f o r m a n c e  and  c o m p u t a t i o n a l  e x p e n s e  o f  a l l  t h e  I m p o r t a n t  
o n - l i n e  i d e n t i f i c a t i o n  m e th o d s .  I s e rm a n n  e t  a l  ( 9 )  c o n c l u d e d  t h a t  
i d e n t i f i c a t i o n  m e thods  u s i n g  t h e  same a p r i o r i  I n f o r m a t i o n  o f  t h e  p r o ­
c e s s  model r e s u l t s  i n  a b o u t  t h e  same p e r f o r m a n c e ,  i f  t h e  " l a w s  o f  good 
i d e n t i f i c a t i o n "  a r e  a p p l i e d .  They s u g g e s t  t h a t  t h e  key t o  s e l e c t i o n  
o f  an  i d e n t i f i c a t i o n  m ethod  r e s t  on su ch  f a c t o r s  a s  t h e  k i n d  o f  i n p u t  
s i g n a l ,  t h e  c o m p u t a t i o n a l  e x p e n s e ,  t h e  o v e r a l l  r e l i a b i l i t y  an d  t h e  
n e c e s s a r y  a s s u m p t i o n s  r e q u i r e d .
L e a s t - S q u a r e s  E s t i m a t o r
R ep lacem en t  o f  t h e  I n a c c e s s i b l e  t r u e  o u t p u t ,  c ^ ,  o f  E q u a t i o n  8 by 
t h e  a c t u a l  o b s e r v a t i o n ,  y ^ ,  y i e l d s  t h e  e q u a t i o n
yt “ V x t _ i  (2 0 )
w i t h  9  * [ a  a  . . .  a b T b_ . . .  b ]1 2  p 1 2 q
^ t - l  '  C» t - 1  yt-2 • • •  y t-p Ut - M - 1  Ut - M - 2  Ut - M - q ]
L e t t i n g  E q u a t i o n  20 r e p r e s e n t  t h e  p r o c e s s  model and  t a k i n g  t h e  i n p u t  
and  o u t p u t  s e q u e n c e s ,  { u ( t ) }  and  { y ( t ) l  , t h e  g e n e r a l i z e d  e q u a t i o n -  
e r r o r  f u n c t i o n ,  e ^ ,  a t  t im e  t  i s  d e f i n e d  a s
e t  '  y t  ’  ‘  y t  *  x t - i  ( 2 1 )
w here  9  r e p r e s e n t s  t h e  p a r a m e t e r  e s t i m a t e  and  5 t  * 9   ̂ i s  c^ e P r e ~
d l c t e d  o u t p u t .  T h i s  e s t i m a t e  can  be o b t a i n e d  by m i n i m i z i n g  some p o s i ­
t i v e - d e f i n i t e  c r i t e r i o n  f u n c t i o n  i n  t h e  g e n e r a l i z e d  e q u a t l o n - e r r o r .
The m ethod  o f  l e a s t - s q u a r e s  r e q u i r e s  t h a t  t h e  e s t i m a t e  9  be c h o s e n  which  
m i n i m i z e s  t h e  l e a s t - s q u a r e s  c r i t e r i o n  f u n c t i o n
J - J i  l y t  - $K v , ] 2 <2U
The m i n i m i z a t i o n  i s  p e r f o r m e d  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  9  and
e q u a t i n g  t o  z e r o
K K
c t S i 7 t  " V i 3 ■ V cSi Xt - 1  xTt - i ] ■ 0 ( 2 3 )
S o l v i n g  E q u a t i o n  23 f o r  9  y i e l d s  t h e  LS e s t i m a t e
^  ‘  c t £ i  y t  xTt - i ]Ct £ i  V i  C24)
A l t e r n a t e l y ,  s i n c e  E q u a t i o n  21 r e p r e s e n t s  o n l y  one  o f  a s e t  o f  K 
e q u a t i o n s ,  a  g e n e r a l i z e d  e q u a t i o n  e r r o r  v e c t o r  c a n  be c o n s t r u c t e d
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where
■ f e - Cel • 2  • • •
\  - Cyt y 2 . . . yK]
*K-1 " [ . . . ’b t - l 1
- ^0 y i




' K - p
V m- i
“k -M-2
uI-1-M-q   “k-M^g
M i n i m i z a t i o n  o f  t h e  l e a s t - s q u a r e s  c r i t e r i o n  a s  b e f o r e  y i e l d s  t h e  v e c t o r
form o f  t h e  LS e s t i m a t e ,
.T
\  ‘  YK X‘k - 1  [ V l  X K - l ]
- 1
(2 6 )
By w r i t i n g  E q u a t i o n  24 i n  p a r t i t i o n e d  form and  i n t r o d u c i n g  t h e  m a t r i x  
i n v e r s i o n  lemma ( 1 ) ,  t h e  r e c u r s i v e  l e a s t - s q u a r e s  e s t i m a t e  c a n  be 
e x p r e s s e d  a s
+ Cyt + i  • V Cl +  xTt p t - i x t ::‘ 1 xTt p t - i  ( 2 7 )
t -1 -  p t - i x t [ i  + xTt p t . i x t 5 ' 1 x V t - i
w i t h pt - i  -  [ x t - i xV i 3 ' 1
(2 8 )
(2 9 )
E q u a t i o n s  27 and  28 s im p ly  p e r f o r m  a l e a s t - s q u a r e s  f i t  t o  t h e  
m e asu re d  d a t a  and r em a in  a d e t e r m i n i s t i c  e s t i m a t i o n  p r o c e d u r e  i n  th e  
s e n s e  t h a t  no a s s u m p t i o n s  h a v e  b e en  made a b o u t  t h e  s t a t i s t i c a l  n a t u r e  
o f  t h e  e s t i m a t e s  ( 1 ) .  The P m a t r i x  i s  s im p ly  a  t i m e - v a r i a b l e  w e i g h t i n g  
m a t r i x  and  c a n n o t  be  I n t e r p r e t e d  a s  an  e r r o r  c o v a r i a n c e  m a t r i x  a s  i n  
t h e  a n a l o g o u s  r e g r e s s i o n  a p p r o a c h  t o  p a r a m e t e r  e s t i m a t i o n .
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I f  t h e  l e a s t - s q u a r e s  r e s i d u a l s ,  v  ° f  E q u a t i o n  21 a r e  c o r r e l a t e d ,  
t h e n  t h e  LS p a r a m e t e r  e s t i m a t e s  w i l l  be  b i a s e d  f o r  t h e  l a g g e d  v a r i a b l e  
m o d e l .  T h i s  b i a s  can  be i l l u s t r a t e d  by r e t u r n i n g  t o  t h e  s t o c h a s t i c  
model  o f  E q u a t i o n  17 . Combin ing E q u a t i o n  17 w i t h  K o b s e r v a t i o n s  y i e l d s  
t h e  v e c t o r  e q u a t i o n
Y K  “  ' ^ S t - l  + WK 
w here  YR, and  X^  ̂ a r e  t h e  same a s  i n  E q u a t i o n  25 and
WK -  tw L w2 . . . wK]
xP o s t  m u l t i p l y i n g  E q u a t i o n  28 by X y i e l d s
yk x V i  -  ^ V i  xTk - i  + v Y i  <3 l >
XThe p r o d u c t  [ x ^   ̂ x i s  a  s q u a r e  m a t r i x  and  i t  i s  t h e r e f o r e  p o s s i b l e
to  s o l v e  E q u a t i o n  31 f o r  cp
-  y k xTk - i  Cxk - i  x Y i 3 ' 1 -  WK XY l  [XK -l x Y i ] ' 1 ( 3 2 >
The f i r s t  t e rm  on t h e  r i g h t - h a n d  s i d e  o f  E q u a t i o n  32 i s  t h e  LS e s t i m a t e
The b i a s  i n  t h e  LS e s t i m a t e  i s  t h u s  g i v e n  by
LS B l »  -  <pR -  $K * « K * Y l  C V l  * V l ] ' 1 ( M )
I f  WR i s  u n c o r r e l a t e d ,  t h e  WR and  X^  ̂ a r e  I n d e p e n d e n t  and  t h e  b i a s  i s
z e r o .  U n f o r t u n a t e l y ,  i f  m easu rem en t  n o i s e  i s  p r e s e n t ,  W i s  i n h e r e n t l yA
c o r r e l a t e d  due t o  th e  l a g g e d  v a r i a b l e s  u s e d  a s  r e g r e s s o r s .  Hence t h e  
o u t p u t  e l e m e n t s ,  [y y t _ 2 > **•» y t - p ^ ’ ° f  XK-1 w111 be  c o r r e l -a t e d  
w i t h  W and t h e  b i a s  w i l l  be  n o n z e r o .
In o r d e r  t o  r e d u c e  t h e  b i a s  t e r m  t o  z e r o ,  i t  i s  n e c e s s a r y  t o  
r e d u c e  W t o  a n  u n c o r r e l a t e d  s e q u e n c e ,  so  t h a t  t h e  e l e m e n t s  o f  X
Jv K™ i
w hich  c o n t a i n  t h e  l a g g e d  v a l u e s  o f  y , a r e  i n d e p e n d e n t  o f  W . T h i s  c a n
C K
be a c c o m p l i s h e d  by a n  a p p r o p r i a t e  t r a n s f o r m a t i o n  o f  t h e  d a t a ,  ( u t }R
«nd Cyt )K*
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G e n e r a l i z e d  L e a s t - S q u a r e s  E s t i m a t o r
The method o f  g e n e r a l i z e d  l e a s t - s q u a r e s  a t t e m p t s  t o  overcome t h e  
p ro b le m  o f  b i a s  i n t r o d u c e d  by c o r r e l a t e d  d i s t u r b a n c e s  by t r a n s f o r m i n g  
( o r  f i l t e r i n g )  t h e  o r i g i n a l  o b s e r v a t i o n s  I n  o r d e r  t o  o b t a i n  a  new 
e q u a t i o n - e r r o r  model w i t h  u n c o r r e l a t e d  r e s i d u a l s .  I f  a l l  t h e  d i s t u r ­
ba n ce  s t a t i s t i c s  a r e  known, t h e n  t h e  f i l t e r  p a r a m e t e r s  may be d e t e r ­
m ined  i m m e d i a t e l y  and  t h e r e  i s  no  p r o b l e m .  The p r a c t i c a l  p ro b le m  
e x i s t s  w i t h  unknown n o i s e  s t a t i s t i c s  I n  w h ich  c a s e  t h e  f i l t e r  m us t  be 
d e t e r m i n e d  o n - l i n e  a s  w e l l .
T h i s  t r a n s f o r m a t i o n  may be r e a l i z e d  by e s t i m a t i n g  t h e  d i s t u r b a n c e  
p r e s e n t  In  t h e  p l a n t  o u t p u t  t o  be
w here  r e f e r e n c e  i s  made t o  F i g u r e  1.  T h i s  a p p r o a c h  i s  v a l i d  s i n c e  i n
c o r r u p t i n g  n o i s e  w.
The GLS method i s  a n  i t e r a t i v e  p r o c e d u r e  c o n s i s t i n g  o f  two b a s i c  
s t e p s .  The f i r s t  i s  t h e  a p p l i c a t i o n  o f  LS e s t i m a t i o n  on E q u a t i o n  17. 
The s eco n d  s t e p  r e q u i r e s  t h a t  t h e  r e s i d u a l s  be c a l c u l a t e d  and  a n a l y z e d  
by a u t o r e g r e s s i o n ,  a s s u m in g  a  model o f  t h e  form
( 3 4 )
t h e  l i m i t ,  a s  cp a p p r o a c h e s  c p ,  t h e  p r e d i c t e d  e r r o r  n a p p r o a c h e s  t h e
wt  -  [ i  -  f ( z  S r 1 v t ( 3 5 )
The a s s u m p t i o n  i s  t h e r e f o r e  made t h a t
[1
[1 + S(z  ) ]
(3 6 )
E q u a t i o n  35 can be w r i t t e n  i n  v e c t o r - r e g r e s s i o n  form a s
(3 7 )
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N o isy  P r o c e s s  
I------------------------------------------------------1
Unc o r  re  la  ted  
N o ise
D istu r b a n ce
P la n t
Model
F ig u re  l i  D iagraa f o r  g e n e r a l i s e d  l e a s t - s q u a r e s .
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where n - C»! f2
rlK - ;
- 1  
Z W
- 2  z w
z Lw
O K - l
Z  W .....................Z w
* . K - L - l
.  . .  Z *■ w
VK -  [ » J  v 2 . . .  VK ]
and  t  i s  th e  number o f  n o i s e  p a r a m e t e r s ,  f  ̂ , c a r r i e d .  U s ing  ŵ . *
t h e  LS e s t i m a t e  o f  Q i s  g i v e n  by
fi * WK " V i  [nK-l " V l ^ 1 ( 3 8 )
T h i s  e s t i m a t e  i s  u n b i a s e d ,  a s  t h e  e l e m e n t s  o f  0 a r e  I n d e p e n d e n t  o f  v ,  
t h e  u n c o r r e l a t e d  n o i s e  t e r m .
T h i s  e s t i m a t i o n  o f  n o i s e  p a r a m e t e r s  a l l o w s  t h e  d e s i r e d  t r a n s f o r ­
m a t i o n  o f  t h e  d a t a  and  y^ t o  be made,  w h ich  l e a d s  i n  t h e  l i m i t  t o  an  
u n b i a s e d  e s t i m a t e  o f  cp. T h i s  c a n  be  s e e n  by r e p l a c i n g  t h e  e l e m e n t s  o f
u t  and y by
u t  -  [1 -  F ( z _ 1 ) ] u tFi t
F
( 3 9 )
y t  -  [1  - F (z  1 )!brt
T h i s  r e d u c e s  E q u a t i o n  16 t o
[1  -  A(z  1 ) ] y Ft  “  z M B(* 1 )“ Ft  + v t  ( 4 0 )
E q u a t i o n  40 l e a d s  t o  t h e  v e c t o r  e q u a t i o n
yFK ‘  *  XV l  +  VK ( 4 l )
F
where  X . i s  t h e  r e g r e s s i o n  m a t r i x  o f  f i l t e r e d  d a t a .  An u n b i a s e d
e s t i m a t e  o f  cp i s  now a v a i l a b l e  a s
cb -  YF XfT  [ x F x pT r 1 V K K - l  L K - l  K-l (4 2 )
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T hus ,  by o b t a i n i n g  a  LS e s t i m a t e  o f  cp t o  s t a r t  t h e  p r o c e d u r e  an d  
I t e r a t i n g  b e tw een  t h e  e s t i m a t e s  o f  t h e  d i s t u r b a n c e  a n d  p r o c e s s  pa ram-
A A
e t e r s  Q and  tp, u s i n g  E q u a t i o n s  34 ,  3 8 ,  39 a n d  4 2 ,  u n b i a s e d  e s t i m a t e s  
o f  t h e  s y s t e m  p a r a m e t e r s  c a n  be o b t a i n e d .  The I t e r a t i o n  I s  s t o p p e d  
when t h e  sum o f  s q u a r e s  o f  t h e  p r e d i c t i o n  e r r o r s  r e a c h e s  a  minimum.
A c o m p l e t e l y  r e c u r s i v e  GLS a l g o r i t h m  c a n  be d e r i v e d  which  i s  e q u i ­
v a l e n t  t o  E q u a t i o n s  27 and  28 f o r  LS e s t i m a t i o n ,  e x c e p t  i n  t h e  c a s e  o f  
GLS e s t i m a t i o n ,  t h e  o r i g i n a l  o b s e r v a t i o n s  a r e  f i l t e r e d  and  a s e t  o f  
e q u a t i o n s  s i m i l a r  t o  E q u a t i o n s  28 and  29 a r e  a p p e n d e d  t o  e s t i m a t e  t h e  
f i l t e r  p a r a m e t e r s  ( 8 ) .
Instrumental Variable Estimator
The d i f f i c u l t i e s  e n c o u n t e r e d  in  o b t a i n i n g  an  u n b i a s e d ,  minimum 
v a r i a n c e  e s t i m a t o r  a r e  a t t r i b u t e d  t o  t h e  c o r r e l a t i o n  a r i s i n g  b e tw een  
and  ̂ o f  t h e  s t r u c t u r a l  model o f  E q u a t i o n  17. The i n s t r i s n e n t a l  
v a r i a b l e  ( IV )  a p p r o a c h  t o  p a r a m e t e r  e s t i m a t i o n  was f i r s t  I n t r o d u c e d  i n  
t h e  e a r l y  1940*8 i n  a n  a r e a  o f  e co n o m ics  now known a s  e c o n o m e t r i c s  ( 1 1 ) .  
The method was s p e c i f i c a l l y  d e s i g n e d  t o  d e a l  w i t h  t h e  e r r o r s - i n - v a r l a b l e s  
p r o b le m ,  i . e . ,  t h e  e r r o r s  a s s o c i a t e d  w i t h  t h e  e x p l a n a t o r y  v a r i a b l e s  i n  
r e g r e s s i o n  c a l c u l a t i o n s  ( 6 , 1 2 ) .  The IV method i s  I n t e n d e d  a s  a  com­
p ro m ise  b e tw ee n  t h e  r a n g e  o f  t e c h n i q u e s  from l a r g e l y  d e t e r m i n i s t i c  
p r o c e d u r e s  t o  s o p h i s t i c a t e d  s t a t i s t i c a l  m e thods  b a s e d  on t h e  r e s u l t s  
o f  o p t i m a l  e s t i m a t i o n  t h e o r y .
The f i r s t  u se  o f  t h e  IV a p p r o a c h  i n  t h e  f i e l d  o f  p r o c e s s  i d e n t i f i ­
c a t i o n  i s  g e n e r a l l y  a t t r i b u t e d  t o  J o s e p h  e t  a l  ( 1 3 ) .  They s u g g e s t e d  
an  IV p r o c e d u r e  u t i l i z i n g  t h e  i n p u t  v a r i a b l e  u^ a s  t h e  i n s t r u m e n t s  f o r  
i d e n t i f y i n g  t h e  p a r a m e t e r s  o f  a  p r o c e s s  d e s c r i b e d  by a  d i f f e r e n c e  e q u a ­
t i o n  m o d e l .  Andeen  and  S h i p l e y  ( 1 4 )  r e p o r t e d  an  e s s e n t i a l l y  s i m i l a r
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t e c h n i q u e  o f  t h e  J o s e p h  e t  a l  m ethod  w i t h  a n  a d d e d  p r e f i l t e r  t o  improve  
t h e  a c c u r a c y  o f  e s t i m a t i o n  In  t h e  p r e s e n c e  o f  n o i s e .  L e v a d i  ( 1 5 )  p r e ­
s e n t e d  a p u r e l y  a n a l o g  IV m ethod  f o r  i d e n t i f y i n g  a  l i n e a r  dynamic  p r o ­
c e s s  d e s c r i b e d  by a d i f f e r e n t i a l  e q u a t i o n  m o d e l .  Wong and  P o la k  (1 6 )  
showed t h a t  t h e r e  e x i s t  o p t i m a l  i n s t r u m e n t a l  v a r i a b l e s  and  th e y  a p p r o x i ­
m a ted  t h e  o p t i m a l  v a r i a b l e s  w i t h  t h e  c a l c u l a t e d ,  u n d i s t u r b e d  o u t p u t  o f  
a n  a u x i l i a r y  m o d e l .  In t u r n ,  t h e  p a r a m e t e r  e s t i m a t e s  were  u s e d  t o  up ­
d a t e  t h e  a u x i l i a r y  m o d e l .  Young ( 1 7 )  p r e s e n t e d  a  h y b r i d  d e v e lo p m en t  
o f  L e v a d i ' s p u r e l y  a n a l o g  a p p r o a c h  and  i n t r o d u c e d  a  t im e  d e l a y  and  a  
low p a s s  f i l t e r  b e f o r e  u p d a t i n g  t h e  a u x i l i a r y  model t o  e n s u r e  t h a t  t h e  
model p a r a m e t e r s  were n o t  c o r r e l a t e d  w i t h  w^ a t  t h e  same I n s t a n t  and  
t o  smooth t h e  e s t i m a t e s .  In  a d d i t i o n ,  Young p r e s e n t e d  t h e  dynamic  form 
o f  t h e  IV a l g o r i t h m  and  d i s c u s s e d  i t s  r e l a t i o n s h i p  t o  t h e  Kalman f i l t e r  
e q u a t i o n s .  Rowe ( 1 8 )  e x t e n d e d  t h e  e s t i m a t o r  t o  t h e  m u l t i v a r i a b l e  c a s e  
and  i n c l u d e d  a  s p e c t r a l  f a c t o r i z a t i o n  t e c h n i q u e  f o r  i d e n t i f y i n g  p a r t  
o f  t h e  c o r r e l a t e d  d i s t u r b a n c e .
B e g i n n i n g  w i t h  E q u a t i o n  3 0 ,  u n b i a s e d  e s t i m a t e s  c a n  be o b t a i n e d
Tfrom p o s t m u l t i p l i c a t i o n  by a  t r a n s f o r m a t i o n  m a t r i x ,  Z .
T h i s  t r a n s f o r m a t i o n ,  o r  i n s t r u m e n t a l  v a r i a b l e ,  m a t r i x  i s  c h o s e n  which  
s a t i s f i e s
d i s t u r b a n c e  WR and a t  t h e  same t i m e ,  h i g h l y  c o r r e l a t e d  w i t h  t h e  r e ­
g r e s s o r s  i n  p  S o l v i n g  E q u a t i o n  4 3 ,  t h e  IV e s t i m a t e  i s  g i v e n  by
(4 3 )
] n o n s i n g u l a r
(4 4 )
The e l e m e n t s  o f  ZT a r e  t h e r e f o r e  c h o s e n  t o  be u n c o r r e l a t e d  w i t h  t h eK
(45 )
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TI f  t h e  o b s e r v a t i o n  m a t r i x ,  X , I s  u s e d  a s  t h e  IV m a t r i x ,  i t  c an  beX
s e e n  from E q u a t i o n  31 t h a t  LS e s t i m a t i o n  l a  a  s p e c i a l  c a s e  o f  t h e  IV 
a p p r o a c h .  T h e r e f o r e ,  by p r o p e r  c h o i c e  o f  an  IV m a t r i x ,  I t  I s  p o s s i b l e  
t o  e l i m i n a t e  t h e  b i a s  due t o  t h e  c o m b i n a t i o n  o f  n o i s e  and  l a g g e d  v a r i ­
a b l e  r e g r e s s o r s  w h i l e  p r e s e r v i n g  t h e  s i m p l i c i t y  o f  l e a s t - s q u a r e s  
e s t i m a t i o n .
U n f o r t u n a t e l y ,  t h e  u n i v e r s a l  law o f  t h e  c o n s e r v a t i o n  o f  " a d v a n t a g e "  
I s  v a l i d  In  t h i s  i n s t a n c e .  The law s t a t e s  t h a t  t o  g a i n  a n  a d v a n t a g e  
i n  one a r e a  r e q u i r e s  a  p r o p o r t i o n a l  d i s a d v a n t a g e  be e s t a b l i s h e d  i n  a n ­
o t h e r  a r e a .  In  t h i s  I n s t a n c e ,  t h e  e l i m i n a t i o n  o f  a s y m p t o t i c  b i a s ,  
i . e .  c o n s i s t e n c y ,  i s  a cc o m p a n ie d  by a c e r t a i n  l o s s  o f  e f f i c i e n c y  i n  
t h e  s t a t i s t i c a l  s e n s e .  IV e s t i m a t o r s  l a c k  e f f i c i e n c y  b e c a u s e  t h e y  
make u s e  o f  o n l y  a  l i m i t e d  amount o f  a  p r i o r i  i n f o r m a t i o n .  But t h e  
l a c k  o f  a  p r i o r i  d i s t u r b a n c e  s t a t i s t i c s  was t h e  m a j o r  r e a s o n  f o r  s e ­
l e c t i n g  t h e  IV a p p r o a c h .  So e f f i c i e n c y  h a s  n o t  r e a l l y  b e e n  l o s t  - t h e  
p ro b le m  r e q u i r e m e n t  i s  s im p ly  more d em an d in g .  And a s  m ig h t  be  e x p e c t e d ,  
t h e  g r e a t e r  t h e  c o r r e l a t i o n  b e tw ee n  t h e  i n s t r u m e n t a l  v a r i a b l e ,  z^ , and  
t h e  n o i s e - f r e e  s i g n a l s ,  c fc, t h e  s m a l l e r  t h e  e s t i m a t i o n  v a r i a n c e .
Finally, a small bias will remain due t o  finite sample lengths.
S in c e  a  m a j o r  a d v a n t a g e  o f  t h e  IV m ethod  i s  t h e  p r e s e r v a t i o n  o f  
t h e  s i m p l e  l e a s t - s q u a r e s  s t r u c t u r e ,  t h e  r e c u r s i v e  o r  s e q u e n t i a l  form 
o f  E q u a t i o n  45 f o l l o w s  d i r e c t l y  from E q u a t i o n s  2 7 - 2 9 .  The r e c u r s i v e  
r e l a t i o n s  a r e
(47 )
( 4 6 )
( 4 8 )
26
A d ia g r a m  f o r  t h e  s e q u e n t i a l  IV e s t i m a t o r  i s  shown i n  F i g u r e  2 w i t h
d t - i  -  [1  + h  Pt - 1
F i n a l l y ,  Wong and  P o l a k  ( 1 6 )  a n d  Rowe ( 1 8 )  h a v e  p o i n t e d  o u t ,  I n
r e g a r d  t o  t h e  s e l e c t i o n  o f  z ^ ,  t h a t  t h e  d i r e c t  GLS e s t i m a t o r  r e p r e s e n t s  
t h e  o p t i m a l  IV e s t i m a t o r .  R e f e r r i n g  t o  F i g u r e  2 ,  t h i s  i m p l i e s  t h e  use  
o f  t h e  I n s t r u m e n t a l  v a r i a b l e  which  i n  t u r n  i m p l i e s  t h e  p r e -
c o g n i t i v e  s o l u t i o n  t o  t h e  p ro b le m  by r e q u i r i n g  c o m p le t e  a  p r i o r i  I n f o r ­
m a t i o n  on t h e  n o i s e  s t a t i s t i c s .  U t i l i z a t i o n  o f  t h e  o u t p u t  o f  an  
a u x i l i a r y  m o d e l ,  a s  i n d i c a t e d ,  r e p r e s e n t s  a  c l o s e  a p p r o x i m a t i o n  t o  
c t + 1 * A b y - p r o d u c t  o f  t h i s  p r o c e d u r e  I s ,  o f  c o u r s e ,  f i l t e r e d  e s t i m a t e s  
o f  t h e  s y s te m  o u t p u t .
M u l t l c o l l l n e a r i t y  ( 5 )
One o f  t h e  b a s i c  a s s u m p t i o n s  u n d e r l y i n g  t h e  a p p l i c a t i o n  o f  l e a s t -
s q u a r e s  e s t i m a t i o n  to  t h e  d i f f e r e n c e  e q u a t i o n  model o f  E q u a t i o n  30 i s
t h a t  t h e  o b s e r v a t i o n  m a t r i x ,  X, which  i s  o f  o r d e r  C (p+ q)*K ] ,  ha s  rank
( p + q ) .  I t  i s  o b v i o u s  t h a t  t h e  LS e s t i m a t o r ,  (p •  YX^[XXT ] *, r e q u i r e s
Xt h e  i n v e r s i o n  o f  t h e  moment m a t r i x  [XX ] ,  which  i s  i m p o s s i b l e  i f  t h e
Tra n k  o f  X, and  c o n s e q u e n t l y  t h e  r a n k  o f  [XX ] ,  i s  l e s s  t h a n  ( p + q ) .
T h i s  s i t u a t i o n  r e p r e s e n t s  e x t r e m e  m u l t l c o l l l n e a r i t y  and  e x i s t s  when
some o r  a l l  o f  t h e  e x p l a n a t o r y  v a r i a b l e s  a r e  p e r f e c t l y  c o l l l n e a r .  The
s i t u a t i o n  o f  p r a c t i c a l  I n t e r e s t  f o r  o p e n - l o o p  e s t i m a t i o n  o c c u r s  when
t h e  a s s u m p t i o n  o f  l i n e a r  In d e p e n d e n c e  i s  o n ly  j u s t  s a t i s f i e d .  In  t h iB
c a s e ,  some o r  a l l  o f  t h e  e x p l a n a t o r y  v a r i a b l e s  a r e  h i g h l y  b u t  n o t  p e r -
T K_1 Tf e c t l y  c c l l i n e a r .  Hie  moment m a t r i x  ( M ^  “ [XX J “ t £o  x t  x i s  t h e n  
te rm ed  i l l - c o n d i t i o n e d .
In o r d e r  t o  show t h e  e f f e c t s  o f  m u l t l c o l l l n e a r i t y  on r e g r e s s i o n  
e s t i m a t e s ,  c o n s i d e r  t h e  s e c o n d - o r d e r  model
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N o ise
P l a n t
Y  t-N+1
Model
( y u f ? t x t )E t  Pt . lF , , X .  B P. t'Z t-1 t- i t-2
S e t  F. « *■ F
F ig u r e  2 i ^Sequential IV param eter e s t im a t io n .
y t  ■ *1  y t - l  +  a 2 y t - 2  +  b l  u t - l  +  b2 u t - 2  +  " t  
The LS e s t i m a t o r  i s  g i v e n  by
*  .  .  * xT [X xT] - 1
" x x
« x x  ■ U 0 *1 • • •  XK - 1 ] 0
yo yl V i
y-l y° yK-2
uo U1 V i
U-1 uo UK- 2
Tx K - l
y 0 y - i  u o u - i
y i  y0 u l  u o
V l  V 2 V l  V 2
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( 4 9 )
( 5 0 )
K-l  „
tSo yt 2 V t - l 2 ytut 2 yt V i
E yt-iyt z
2
y t -1 2 yt-lut 2 yt- lut-l
£ »tyt 2 Utyt -1 2
2 
U t 2 utut-l
E ut-lyt 2 V i V i 2 Ut-lUt 2
2
U t-1 (51)
ŜfX = [ y l y 2 yK]
lyl y2 *• • yR] y o
K - l
y - l  U0 U-1
y - i  y o u- i  uo
yK - l  yK- 2  V l  UK - 2
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K
■ Cc£l V t - l  2 ytyt-2 2 V t - l  2 ytut-2] <52>
Each I n d i v i d u a l  p a r a m e t e r  e s t i m a t e  o f  E q u a t i o n  50 c a n  be e x p r e s s e d  a s  
4 K
 1------------------■ ( 5 3 )
where  ( m ^ I  i s  t h e  d e t e r m i n a n t  o f  a n d  t h e  J 1 c o f a c t o r .
For i l l u s t r a t i o n  p u r p o s e s ,  i t  i s  c o n v e n i e n t  t o  assume t h a t  a l l  
v a r i a b l e s  have  z e r o  mean and u n i t  v a r i a n c e  which  I s  e a s i l y  a c c o m p l i s h e d  
u s i n g  th e  t r a n s f o r m a t i o n  ( 5 )
V l  - yt-l Ut-i ~ Ut-1
S ’ S
yt-i Ut-i
, i - 0, 1, 2, . . .
where  t h e  b a r  I n d i c a t e s  t h e  sam ple  mean and r e p r e s e n t s  t h e  s t a n d a r d
d e v i a t i o n .  F u r t h e r ,  r  i s  c a l l e d  t h e  c o r r e l a t i o n  c o e f f i c i e n t  and
Vt Ut
I s  d e f i n e d  a s
K - l
t £ o  y t Ut-M
y u K S S
C yK - l  V l
( 5 4 )
I f  p e r f e c t  c o r r e l a t i o n  e x i s t s  b e tw een  y and  y , ,  t h e n  r  would
c ' t - 1 ’ y t y t - l
e q u a l  o n e .  I f  one  t h e  o t h e r  h a n d ,  y^ and  y  ̂ a r e  c o m p l e t e l y  u n c o r ­
r e l a t e d ,  t h e n  r  = 0 .  Now, an  a l t e r n a t e  form o f  E q u a t i o n  53 i s
y t y t - 1
p o s s i b l e  by a p p l i c a t i o n  o f  C r a m e r ' s  r u l e  t o  t h e  n o rm a l  e q u a t i o n s .  The 
e s t i m a t e  f o r  t h e  second  p a r a m e t e r  i s  g i v e n  by
The o t h e r  p a r a m e t e r s  a r e  s i m i l a r l y  o b t a i n e d  by a p p r o p r i a t e  r e p l a c e m e n t
i n  t h e  n u m e r a t o r  d e t e r m i n a t e .
Now i f  y and y . a r e  p e r f e c t l y  c o r r e l a t e d  ( i . e . ,  r  -  1 ) ,
C y t y t - l
t h e n  t h e  f i r s t  two rows and  co lum ns  o f  w i l l  be  i d e n t i c a l ,  an d
would v a n i s h .  S i m i l a r l y ,  t h e  f i r s t  two rows and  co lum ns  o f  t h e  n u m era ­
t o r  t e rm  o f  E q u a t i o n  55 w ou ld  be t h e  same and  t h e  d e t e r m i n a t e  w ould  be
z e r o .  T h e r e f o r e ,  i f  any  p a i r  (x  , x ) o f  e x o g e n o u s  v a r i a b l e s  a r e
i  i f  J * ̂
p e r f e c t l y  c o r r e l a t e d ,  t h e n  t h e  e s t i m a t e  o f  becomes
9 i  * §  (56 )
The same i n d e t e r m i n a t e  v a l u e  would be o b t a i n e d  i f  any e x a c t  l i n e a r
r e l a t i o n s h i p  e x i s t e d  among t h e  x .
1 * £
The e f f e c t  o f  p e r f e c t  c o r r e l a t i o n  on t h e  w e i g h t i n g  m a t r i x ,  P^ ,  can
be s ee n  by c o n s i d e r i n g  th e  f o l l o w i n g  r e s u l t  from l i n e a r  r e g r e s s i o n  ( 1 , 5 )
.2 _2 „ _ Z  r „ „T t - 1  _2 r .. i - l
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E q u a t i o n  57 can  be b ro k e n  i n t o  i t s  component p a r t s  t o  g i v e
Kxl2 2 ‘“ X X ' i ia  * a  ------------- ( 5 8 )
94 w L  I
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This time the numerator does not vanish due to perfect correlation but 
the denominator is the same as before; hence, the variance of the esti­
mate becomes Infinite as the corresponding estimate becomes indeterminate,
2 _2 I ^ S o J i i  _ ___ct -  a  ----- —-----  -  *  ( 5 9 )w 0
A g a i n ,  t h e  c o n c e r n  i s  n o t  so much t h a t  o f  p e r f e c t  c o l l l n e a r i t y ,
b u t  t h e  i l l - c o n d i t i o n i n g  w h ich  o c c u r s  when t h e  c o r r e l a t i o n ,  r  ,y u t
between explanatory variables are high, but not unity. In this situ­
ation, numerical results for the parameter estimates are obtained, but 
these values must be properly interpreted.
The d i f f e r e n c e  e q u a t i o n  i s  p a r t i c u l a r l y  s u b j e c t  t o  m u l t l c o l l i n -  
e a r i t y  and  c a r e  must be  e x e r c i s e d  i n  t h e  s e l e c t i o n  o f  t h e  sample  i n t e r ­
v a l ,  T. T h i s  i s  a c a s e  i n  which  i t  i s  p o s s i b l e  t o  sam ple  t o o  f a s t  f o r  
good i d e n t i f i c a t i o n .  Take f o r  e x a m p le ,  t h e  s e c o n d - o r d e r  model o f  
E q u a t i o n  4 9 .  I t  i s  o b v i o u s  t h a t  a s  t h e  sam ple  r a t e  I n c r e a s e s ,  t h e  
c o r r e l a t i o n  b e tw een  y  ̂ and  y^ ^ WH 1 a l s o  i n c r e a s e  l e a d i n g  t o  c o l -  
l i n e a r i t y .  T h i s  r e s u l t  h a s  b e en  e s t a b l i s h e d  c o m p u t a t i o n a l l y  and  w i l l  
be p r e s e n t e d  i n  a l a t e r  s e c t i o n .
Dynamic Estimation
The p a r a m e t e r  t r a c k i n g  p ro b le m  i s  now c o n s i d e r e d  w here  t h e  p r o c e s s  
p a r a m e t e r s  ch an g e  w i th  t im e  and  t h e  e s t i m a t i o n  a l g o r i t h m  i s  r e q u i r e d  
to  f o l l o w  th e  v a r i a t i o n .  I t  i s  w e l l  known t h a t  LS and GLS e s t i m a t i o n  
( a n d ,  by c o n s e q u e n c e ,  IV e s t i m a t i o n )  c an  be e s t a b l i s h e d  a s  a s p e c i a l  
s t a t i c  form o f  Kalman f i l t e r i n g  t h e o r y  ( 1 9 , 2 0 ) .  P a g ln  ( 2 1 )  a n d  Lee ( 1 ) ,  
among o t h e r s ,  h a v e  shown t h i s  r e l a t i o n s h i p .  T h i s  s e c t i o n  e x t e n d s  t h e  
LS d e v e lo p m en t  o f  Lee t o  i n c l u d e  IV e s t i m a t i o n  ( 1 7 ) .
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Memory S h a p in g
A d e c i d e d  a d v a n t a g e  o f  t h e  r e c u r s i v e  r e l a t i o n s  o f  E q u a t i o n s  27 and  
28 o r  E q u a t i o n s  46 and  47 o v e r  t h e i r  n o n r e c u r s l v e  c o u n t e r p a r t s  I s  t h a t  
i t  i s  no l o n g e r  n e c e s s a r y  t o  s t o r e  and  p e r f o r m  c a l c u l a t i o n s  on l a r g e  
q u a n t i t i e s  o f  d a t a .  The d a t a  i s  r e d u c e d  a t  e ach  sample  I n s t a n t  and  i s  
a c c u m u l a t e d  w i t h  p a s t  r e d u c e d  d a t a  i n  t h e  c o n s i d e r a b l y  com pac t  w e i g h t -  
l n g - m a t r l x ,  P . Hence t h e  P m a t r i x  r e p r e s e n t s  a  c o n c i s e  h i s t o r y  o f
Ex Ix
t h e  o b s e r v a t i o n s .  The w e i g h t l n g - m a t r l x  i s  t h e r e f o r e  t h e  key to  pa ram ­
e t e r  t r a c k i n g .
R e l a t i o n s  l i k e  E q u a t i o n s  46 and  47 r e p r e s e n t  f i n i t e - t i m e  a v e r a g i n g  
o p e r a t i o n s  i n  which  a l l  d a t a  i s  w e i g h t e d  e q u a l l y  o v e r  t h e  o b s e r v a t i o n  
i n t e r v a l  o f  K s a m p l e s .  An I m p o r t a n t  a s s u m p t i o n  i m p l i c i t  i n  t h i s  o p e r a ­
t i o n  i s  t h a t  t h e  unknown p a r a m e t e r s  a r e  c o n s t a n t  o v e r  t h e  o b s e r v a t i o n  
s e t  ( 3 ) .  I t  t h e n  f o l l o w s  t h a t  i n  o r d e r  t o  d e t e c t  p a r a m e t e r  v a r i a t i o n ,  
i t  I s  n e c e s s a r y  t o  s h o r t e n  t h e  memory o f  t h e  e s t i m a t i o n  p r o c e d u r e  so  
t h a t  new o b s e r v a t i o n s  a r e  g i v e n  more w e i g h t  t h a n  o u t d a t e d  o b s e r v a t i o n s .
One a p p r o a c h  t o  p a r a m e t e r  t r a c k i n g  i s  o b t a i n e d  by w e i g h t i n g  t h e  
d a t a  e x p o n e n t i a l l y  i n t o  t h e  p a s t  t o  g r a d u a l l y  remove i n f o r m a t i o n  a s  i t  
becomes o b s o l e t e .  E x a m i n a t i o n  o f  E q u a t i o n  28 o r  47 f o r  t h e  f i n i t e -  
t  i me a v e r a g i n g  c a s e  w i l l  show t h a t  P i s  s t r i c t l y  a  d e c r e a s i n g  f u n c t i o n
Ix
of  t i m e .  A f t e r  a  l a r g e  number o f  s am p le s  ( l a r g e  K) have  b e e n  c o l l e c ­
t e d ,  P may d i m i n i s h  t o  t h e  e x t e n t  t h a t  new d a t a  no l o n g e r  I n f l u e n c e sIS.
t h e  e s t i m a t e s .  T h a t  I s ,  due t o  t h e  a v e r a g i n g  p r o c e s s ,  i n d i v i d u a l  sam­
p l e s  have  l e s s  e f f e c t  on t h e  e s t i m a t e s  a s  t h e  number o f  s a m p l e s ,  K., 
I n c r e a s e s .  The p h y s i c a l  e f f e c t  o f  e x p o n e n t i a l  w e i g h t i n g  t h e  d a t a  i s  
t o  s e t  a low er  bound on P so  t h a t  new d a t a  c o n t i n u e s  t o  i n f l u e n c e  th e  
e s t i m a t e s  v i a  E q u a t i o n  27 o r  46 ( 2 2 ) .
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It Is Important to point out that this approach has the disadvan­
tage that the effects of noise will also be detected and used to modify 
the estimates. It will therefore be necessary to assume that the pa­
rameter variations are larger than the residual fluctuations due to 
n o i s e .
M o d e l in g  t h e  P a r a m e t e r  V a r i a t i o n s
An a l t e r n a t i v e  t o  e x p o n e n t i a l  w e i g h t i n g  t h e  d a t a  f o r  p a r a m e t e r  
t r a c k i n g  I s  t o  d e s c r i b e  t h e  p a r a m e t r i c  v a r i a t i o n  by a s u i t a b l e  a t o c  h a s -  
t i c  m o d e l ,  e . g .  ( 1 )
«pTt -  *(T) p̂Tt _ ! + A(T> qTt _ L ( 6 0 )
where  Y(T) i s  a n  assum ed  known ( n x n )  t r a n s i t i o n  m a t r i x ,  A(T) I s  a known 
(n x n )  i n p u t  m a t r i x ,  and   ̂ i s  a  ( l x n )  random d i s t u r b a n c e  v e c t o r  w i t h
T n  i ■  [] r,
iy
delta function. The transition matrix Y(t) governs any deterministic
z e r o  mean and  c o v a r i a n c e  m a t r i x  E[q  ^<1^3 “  Q ^  and  6 i s  t h e  K r o n e c k e r
p a r a m e t e r  v a r i a t i o n  w h i l e  q p r o v i d e s  t h e  s t a t i s t i c a l  d e g r e e  o f  f r eedom  
r e q u i r e d  t o  model random p a r a m e t e r  v a r i a t i o n s  b e tw ee n  s a m p l e s .  Now,
E q u a t i o n  60 and  E q u a t i o n  17 c a n  be combined  t o  form a s e t  which  e x t r a p ­
o l a t e d  [ S e e  Lee ( 1 ) ]  f o r  t h e  IV e s t i m a t e  y i e l d s
’ ’t + i  ■ W t + <yt + l  - * t + i / t V u  + ( 6 l }
W t  ■ v T ( 6 2 )
p t / t - i  -  *Tpt - i y + ^  < « >
p t -  p t / t - i  - +  zTt p t / t - i * t r l ' Tt p t / t - i  <“ >
w here  *Pt + j y t  £6e a  p r i o r i  u p d a t e  o f  cpt  a t  t im e  t + 1 , b a s e d  on o b s e r ­
v a t i o n s  up t o  and  I n c l u d i n g  y t * ^ i »  a  s i m i l a r  u p d a t e  o f   ̂ and
r e p r e s e n t s  a  (n x n )  m a t r i x  which  i s  d e t e r m i n e d  e x p e r i m e n t a l l y .
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Lee p o i n t s  o u t  t h a t  t h e  a l g o r i t h m  o f  E q u a t i o n s  6 1 - 6 4  a r e  n o t  o p t i ­
mal and  t h e  o n l y  j u s t i f i c a t i o n  I s  t h a t  " I t  w o r k s " .  I t  I s  I n t e r e s t i n g  
t o  n o t e  t h a t  t h i s  p r e d i c t i o n - c o r r e c t i o n  a l g o r i t h m  I s  a  s p e c i a l  form o f  
t h e  Kalman f i l t e r  e q u a t i o n s  ( 1 9 ) .  However,  t h e r e  a r e  two i m p o r t a n t  
d i f f e r e n c e s  b e tw ee n  t h e  IV a l g o r i t h m  and  t h e  Kalman e q u a t i o n s  w i t h  t h e  
r e s u l t  t h a t  t h e  fo r m e r  becomes c o n s i d e r a b l y  more c o m p l i c a t e d .  The IV 
a l g o r i t h m  would be i d e n t i c a l  t o  t h e  Kalman f i l t e r  I f :  ( 1 )  a l l  o f  I t s
n o i s e  t e rm s  were  G a u s s i a n  and  ( 2 )  a l l  o f  t h e  e l e m e n t s  o f  X and  Z were  
d e t e r m i n i s t i c .  The f i r s t  d i f f e r e n c e  i s  c e r t a i n l y  w i t h i n  t h e  r e a l m  o f  
p o s s i b l e  s a t i s f a c t i o n  b u t  t h e  s e c o n d  i s  c a u s e d  by t h e  l a g g e d  v a r i a b l e s  
i n  t h e  s t r u c t u r a l  m o d e l .  H ence ,  t h e  s e t  o f  E q u a t i o n s  6 1 - 6 4  can  n o t  be 
c o n s i d e r e d  o p t i m a l .  However ,  t h e  Kalman form i s  p r e s e r v e d  and  " i t  
w o r k s " ,  a s  w i l l  be d i s c u s s e d  be low  an d  d e m o n s t r a t e d  by e x p e r i m e n t .
A c t u a l l y ,  t h e  dynamic  IV a l g o r i t h m  I s  n o t  p a r t i c u l a r l y  u s e f u l  a s  
i t  s t a n d s  b e c a u s e  i t  r e q u i r e s  know ledge  o f  t h e  ¥ and  A m a t r i c e s .  How­
e v e r ,  a u s e f u l  s p e c i a l  c a s e  r e s u l t s  i f  E q u a t i o n  60  i s  s i m p l i f i e d  by 
l e t t i n g  ¥ and  A e q u a l  t h e  I d e n t i t y  m a t r i x ,  I n . The r e d u c e d  p a r a m e t e r  
v a r i a t i o n  law i s  g i v e n  by
The o n ly  d i f f e r e n c e  b e tw ee n  t h i s  dynamic  a l g o r i t h m  a n d  t h e  s t a t i c  scheme 
o f  E q u a t i o n s  46 and  47 i s  t h e  a d d i t i o n  o f  E q u a t i o n  6 7 .  The D m a t r i x
(6 5 )
The dynamic  IV a l g o r i t h m  i s  c o r r e s p o n d i n g l y  s i m p l i f i e d  t o
( 6 6 )
( 6 7 )
t r t / t - l ( 68)
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s im p ly  a d d s  t h e  n e c e s s a r y  l o v e r  bound t o  P so  t h a t  t h e  a l g o r i t h m  c a n  
t r a c k  p a r a m e t e r  v a r i a t i o n s .
A l t h o u g h  t h i s  i s  t h e  same r e s u l t  o b t a i n e d  by e x p o n e n t i a l  w e i g h t i n g  
t h e  d a t a ,  t h e  dynamic  a p p r o a c h  has  more I n h e r e n t  f l e x i b i l i t y  and  i s  
more e a s i l y  im p le m e n te d .  S in c e  D i s  a  m a t r i x  i t  i s  p o s s i b l e  t o  l i m i t  
i n d i v i d u a l  e l e m e n t s  t o  d i f f e r e n t  d e g r e e s .  For  e x a m p l e ,  i f  c e r t a i n  
p a r a m e t e r s  a r e  known t o  be t i m e - i n v a r i a n t , t h e n  t h e  c o r r e s p o n d i n g  e l e ­
m e n ts  o f  D would  be z e r o .  F u r t h e r ,  t h e  model a p p r o a c h  a l l o w s  any  a  
p r i o r i  I n f o r m a t i o n  t h a t  i s  a v a i l a b l e  t o  be u s e d  i n  t h e  e s t i m a t i o n  
a l g o r i t h m .  Young ( 1 7 )  i l l u s t r a t e s  t h i s  l a s t  p o i n t  by i n c l u d i n g  i n  t h e  
e s t i m a t i o n  a d d i t i o n a l  m e a s u re d  d a t a  o b t a i n e d  from t h e  p r o c e s s .
Young makes t h e  a s s u m p t i o n  t h a t  t h e  t im e  v a r i a b l e  p a r a m e t e r  v e c t o r  
cp c a n  be decomposed  i n t o  t h e  p r o d u c t  o f  a known,  n o n s i n g u l a r ,  t i m e -  
v a r i a b l e  t r a n s f o r m a t i o n  m a t r i x  and  a n  unknown,  b u t  f i x e d  o r  s l o w l y  
v a r i a b l e ,  b a s i s  p a r a m e t e r  v e c t o r  qf*. T hus ,
<eTt  -  e t ^ T (6 9 )
6  ̂ i s  a f u n c t i o n  o f  known o r  m e a s u r a b l e  v a r i a b l e s  t h a t  a r e  a s s o c i a t e d  
w i t h  t h e  c h a n g i n g  e n v i r o n m e n t  w hich  i s  a f f e c t i n g  p r o c e s s  p a r a m e t e r s .  
S in c e  q* i s  o n ly  s l o w l y  v a r i a b l e ,  i t  s h o u l d  be p o s s i b l e  t o  model i t s  
b e h a v i o r  by a  random w a lk  m o d e l ,  i . e .
^ t  “ ^ - 1  + q t - l  <70>
T - I TS u b s t i t u t i o n  o f  E q u a t i o n  70 i n t o  E q u a t i o n  69 y i e l d s  w i t h  cp* -1 “  9
t h e  f o l l o w i n g  e q u a t i o n
cpTt -  [ e e - 1 3cpTt + e t qTt _x ( ? i )
I t  1b o b v i o u s  t h a t  E q u a t i o n  71 i s  o f  t h e  same form  a s  E q u a t i o n  60 and  
i t  c a n  be u s e d  i n  t h e  a l g o r i t h m  o f  E q u a t i o n s  6 1 - 6 4 .  I f  6  ̂ p r o v i d e s  a
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s u i t a b l e  d e c o m p o s i t i o n ,  t h e n  much o f  t h e  r a p i d  v a r i a t i o n  I n  q>t  w i l l  be 
a c c o u n t e d  f o r  de t e r m i n i  a t  l e a  l l y  by t h e  t r a n s i t i o n  m a t r i x ,  Y -  ^ ® t ^ t ~ ^ *  
A l th o u g h  E q u a t i o n  71 i s  n o t  s p e c i f i c a l l y  t r e a t e d  i n  t h i s  r e s e a r c h ,  I t  
was i n c l u d e d  f o r  c o m p l e t e n e s s  b e c a u s e  i t  r e p r e s e n t s  an  e x t e n s i o n  o f  
th e  b a s i c  IV method t o  p r a c t i c a l  a p p l i c a t i o n s  I n  w h ich  r e l a t e d  p ro b le m  
v a r i a b l e s  (w h ich  a r e  n o t  s p e c i f i c a l l y  i n c l u d e d  I n  t h e  m o d e l )  c a n  be 
I n c o r p o r a t e d  t o  Improve t h e  e s t i m a t i o n .
C o m p u t a t i o n a l  R e s u l t s
An i m p o r t a n t  o b s e r v a t i o n  t o  be  made f rom t h e  t h e o r y  d e v e l o p e d  In  
t h i s  c h a p t e r  i s  t h a t  IV e s t i m a t i o n  i s  a  g e n e r a l  c o m p u t a t i o n a l  p r o c e d u r e  
which  i n c l u d e s  b o t h  OLS and  GLS a s  s p e c i a l  c a s e s .  T hese  s p e c i a l  c a s e s  
r e p r e s e n t  b o t h  ends  o f  t h e  IV s p e c t r u m  w i t h  GLS b e i n g  t h e  o p t i m a l  p r o ­
c e d u r e .  OLS, which  i s  t h e  s i m p l e s t  c a s e ,  i s  n e c e s s a r i l y  a  s p e c i a l  c a s e  
o f  t h e  GLS p r o c e d u r e  w here  t h e  l a t t e r  r e d u c e s  t o  OLS f o r  t h e  p r o c e s s  
which  h a s  u n c o r r e l a t e d  d i s t u r b a n c e s  w i t h  no m e as u re m e n t  n o i s e .  The 
c h o i c e  a s  t o  t h e  p r o p e r  IV p r o c e d u r e  s e l e c t e d  In  a  g i v e n  a p p l i c a t i o n  
d e p en d s  upon t h e  amount o f  a  p r i o r i  i n f o r m a t i o n  a v a i l a b l e  on t h e  n o i s e  
s t a t i s t i c s .  I f ,  f o r  e x a m p le ,  a l l  t h e  n o i s e  s t a t i s t i c s  a r e  known t h e n  
GLS i s  t h e  b e s t - l i n e a r - u n b i a s e d - e s t i m a t o r  ( 5 ) .  In  t h e  p r a c t i c a l  p r o b ­
lem, t h e  s t a t i s t i c s  o f  t h e  d i s t u r b a n c e  a r e  n o t  known and  t h e  OLS 
a p p r o a c h  f a l l s  i n  t h e  p r e s e n c e  o f  c o r r e l a t e d  d i s t u r b a n c e s  a n d  m e a s u r e ­
ment  n o i s e  so t h a t  a  v a r i a b l e  which  a p p r o x i m a t e s  t h e  o p t i m a l  must be 
a d o p t e d  f o r  t h e  I n s t r u m e n t .  In  t h e  c o m p u t a t i o n a l  r e s u l t s  t o  f o l l o w ,  
t h i s  i n s t r u m e n t a l  v a r i a b l e  I s  c h o s e n  t o  be  t h e  o u t p u t  o f  a  model w hich  
u s e s  t h e  c u r r e n t  e s t i m a t e  o f  t h e  p a r a m e t e r s ,  <p, b e i n g  e s t i m a t e d .
In  t h i s  s e n s e ,  t h e  a u x i l i a r y  model  a p p r o a c h  t o  IV e s t i m a t i o n  
r e p r e s e n t s  an  e x t e n s i o n  o f  t h e  LS p r o c e d u r e .  The f o r m e r  h a s  c o n s l d -
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e r a b l y  more f l e x i b i l i t y  and  may be " t u n e d "  i n  a  g i v e n  e l t u a t l o n  so t h a t  
t h e  i n s t r u m e n t a l  v a r i a b l e  c l o s e l y  a p p r o x i m a t e s  t h e  o p t i m a l .  On t h e  
o t h e r  h a n d ,  i f  t h e  p a r a m e t e r s  u s e d  i n  t h e  t u n i n g  p r o c e s s  a r e  n o t  c h o s e n  
p r o p e r l y ,  t h e  i n h e r e n t  s t a b i l i t y  o f  t h e  LS method may be  l o s t .  The 
o b j e c t i v e  o f  t h i s  c o m p u t e r ! a n a l  s t u d y  w i l l  be  t o  examine  t h e  e f f e c t  o f  
m easu rem en t  n o i s e  on t h e  p e r f o r m a n c e  o f  t h e  a u x i l i a r y - m o d e l  IV e a t i m a -  
t o r  and  t h e  s e l e c t i o n  o f  p a r a m e t e r s  n e c e s s a r y  t o  tu n e  t h e  a l g o r i t h m .
In e a c h  s t u d y ,  t h e  method w i l l  be compared  w i t h  t h e  r e s u l t s  o f  OLS.
TIi I b c o m p a r i s o n  h a s  become s t a n d a r d  p r a c t i c e  i n  t h e  l i t e r a t u r e  where  
i t  a t  once  a f f o r d s  a r e f e r e n c e  upon which  t o  ju d g e  t h e  r e l a t i v e  p e r f o r ­
mance o f  s e p a r a t e l y  r e p o r t e d  e s t i m a t i o n  m e th o d s .  At t h e  same t i m e ,  i t  
i s  i n t e r e s t i n g  to  s e e  t h e  improvement  t h a t  i s  p o s s i b l e  w i t h  t h e  IV 
method i n  t h o s e  c a s e s  i n  which t h e  LS e s t i m a t e  i s  s e v e r e l y  b i a s e d .
A s u r v e y  o f  c o m p u t a t i o n a l  r e s u l t s  d i s c u s s e d  i n  t h e  l i t e r a t u r e  f o r  
IV e s t i m a t i o n  c o n t a i n s  a p p l i c a t i o n s  o f  t h e  method t o  a  v a r i e t y  o f  s y s ­
tem s .  Wong and P o la k  ( 1 6 )  u sed  a  d i f f e r e n c e  e q u a t i o n  model t o  I d e n t i f y  
a  s i n g l e - i n p u t - s i n g l e - o u t p u t  f o u r t h - o r d e r  p r o c e s s .  I s e rm an n  e t  a l  ( 9 )  
compared  th e  p e r f o r m a n c e  o f  IV e s t i m a t i o n  w i t h  f i v e  o t h e r  m e thods  f o r  
t h r e e  s e p a r a t e  s y s t e m s :  an  underdam ped  s e c o n d - o r d e r  s y s t e m ,  a s e c o n d -
o r d e r  nonminimum p h ase  s y s t e m  and  a  t h i r d - o r d e r  low p a s s  d e l a y  p r o c e s s .  
Rowe ( 1 8 )  e x t e n d e d  t h e  method t o  t h e  m u l t i v a r i a b l e  c a s e  and  i n c l u d e d  
f o u r  exam ple  s y s t e m s :  f i r s t - o r d e r  s c a l a r ,  s e c o n d - o r d e r  s c a l a r ,  a
f o u r t h - o r d e r  t w o - i n p u t - t w o - o u t p u t  s y s te m  and  a  t h i r d - o r d e r  t w o - o u t p u t  
a u t o r e g r e s s i v e ,  m o v i n g - a v e r a g e  p r o c e s s .  Young ( 1 7 )  i l l u s t r a t e d  t h e  
dynamic IV a l g o r i t h m  w i t h  an  underdamped  s e c o n d - o r d e r  s y s t e m  u t i l i z i n g  
a d i f f e r e n t i a l  e q u a t i o n  m ode l .  Young r e p o r t e d  e q u ip m e n t  p r o b le m s  t h a t  
p r e v e n t e d  him from t r u l y  t e s t i n g  t h e  a u x i l i a r y  model a p p r o a c h  e x c e p t
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f o r  t h e  "op t lpnan"  c a s e  where  t h e  p a r a m e t e r s  o f  t h e  a u x i l i a r y  model  w ere  
v a r i e d  i n  a c c o r d a n c e  w i t h  t h e  a c t u a l  p r o c e s s  p a r a m e t e r  v a r i a t i o n .
S e c o n d - O r d e r  Example
A s i n g l e - i n p u t , s i n g l e - o u t p u t  p r o c e s s  d e s c r i b e d  by a  l i n e a r  d i f ­
f e r e n t i a l  e q u a t i o n  was made t h e  o b j e c t  o f  s t u d y  f o r  t h e  i n v e s t i g a t i o n .  
The p r o c e s s
2 M + 3 d t + C “ u(t) (72)dt
r e p r e s e n t s  an  overdamped s e c o n d - o r d e r  s y s t e m  w i t h  t h e  t r a n s f e r  f u n c t i o n
G ( s )  * ( 2s + 1>< a + 1 ) ( 7 3 >
The t im e  c o n s t a n t s  a n d  g a i n  a r e  t h u s
T 1 = 2
T 2 = 1 
k = 1
The e q u i v a l e n t  d i f f e r e n c e  e q u a t i o n  p a r a m e t e r s ,  q>, o f  E q u a t i o n  9 a r e  
a  -  0 .9 7 4 4 1  
a 2 -  - 0 . 2 2 3 1 3  
b j  -  0 .1 5 4 8 2  
b 2 -  0 .0 9 3 9 0  
f o r  t h e  sam ple  i n t e r v a l  T * 1.
The r e s u l t s  i n  t h i s  c h a p t e r  were  o b t a i n e d  u t i l i z i n g  E q u a t i o n  72 
a s  t h e  s i m u l a t e d  p l a n t .  N o t i c e  t h a t  t h i s  s y s t e m  i s  d e t e r m i n i s t i c  
b e c a u s e  i t  i s  r e p r e s e n t a t i v e  o f  E q u a t i o n  8 r a t h e r  t h a n  E q u a t i o n  10.
The more g e n e r a l ,  s t o c h a s t i c  p l a n t  w i l l  a l s o  be  c o n s i d e r e d  i n  a  l a t e r  
s e c t i o n .  The o b s e r v e d  o u t p u t  y was o b t a i n e d  by a d d i n g  m easurem ent  
n o i s e  t o  t h e  t r u e  o u t p u t  a c c o r d i n g  t o  E q u a t i o n  11.
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I n p u t  S i g n a l
The s y s t e m  was f o r c e d  w i t h  d i s c r e t e  w h i t e  n o i s e ,  e . g .  a  p s e u d o ­
r a n d o m - b i n a r y -  s e q u e n c e  (PRBS),  w i t h  a  c l o c k  i n t e r v a l  X e q u a l  t o  t h e  
s a m p l i n g  i n t e r v a l  T.  The a u t o c o r r e l a t i o n  f u n c t i o n  f o r  t h e  maximum 
l e n g t h  PRBS i s
u [ l  - (1 + — ) 0 ^ I t I ^ Xp A 1
2 <74)Vf (T )  -
P X S | T | * (p  -  1)X
A u t o c o r r e l a t i o n  f u n c t i o n
The p e r i o d ,  p ,  o f  t h e  PRBS I s
p -  2J -  1; j  -  1, 2 ,  . . .  , ( 7 5 )
The e f f e c t i v e  f r e q u e n c y  band  c o v e r e d  by a  maximum l e n g t h  PRBS i s  from 
f = ^  t o  -jjj- c p s .  A c o r r e c t e d  PRBS I s  u t i l i z e d  w here  a  d , c .  b i a s  i s
ad d ed  t o  t h e  s i g n a l  y i e l d i n g  tp U( T) “  0 ,  X ^ | t |  s  ( p  -  1)X. The b i a s ,
0 , i s
e '  “  UA + p “ 13 (76)
The i n p u t  s i g n a l  i s  l i m i t e d  by
-  ~  * u ( t )  ^ ® w i t h  0 -  1 . 0
See E v e l e i g h  ( 2 3 )  and D a v ie s  ( 2 4 ) .
The PRBS s t a r t e r  s e q u e n c e  was n o t  v a r i e d  b e tw e e n  r u n s  so  t h a t  t h e  
i n p u t  w ould  b e  r e p r o d u c i b l e  and  t h e r e b y  f a c i l i t a t e  t h e  fo r m in g  o f  
c o n c l u s i o n s .
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D i s c r e t e  W hi te  N o i se
The d i s c r e t e  w h i t e  n o i s e  i n p u t  v ( t )  was g e n e r a t e d  by u s i n g  s u b ­
r o u t i n e s  RANDU and  GAUSS a s  d e s c r i b e d  i n  t h e  "IBM S y s t e m /3 6 0  S c i e n t i f i c
S u b r o u t i n e  P a c k a g e " .  S u b r o u t i n e  RAWDU com pu tes  u n i f o r m l y  d i s t r i b u t e d  
random r e a l  num bers  0 £ x ( t )  ^ 1. S u b r o u t i n e  GAUSS u t i l i z e s  t h e  u n i ­
fo rm ly  d i s t r i b u t e d  num bers  t o  compute  a  n o r m a l l y  d i s t r i b u t e d  random 
number w i t h  a  g i v e n  mean and  s t a n d a r d  d e v i a t i o n .
Comparison
A summary o f  t h e  e f f e c t  o f  m easu rem en t  n o i s e  on e s t i m a t o r  p e r f o r ­
mance i s  g i v e n  in  F i g u r e s  3 and  4 .  The b i a s  r e d u c t i o n  t h a t  c a n  be
r e a l i z e d  w i t h  t h e  IV m ethod  i n  t h e  p r e s e n c e  o f  n o i s e  i s  c o n s i d e r a b l e .
Each c u r v e  o f  t h e  two f i g u r e s  r e p r e s e n t s  t h e  t im e  h i s t o r y  o f  t h e  e s t i ­
m a te s  o f  p a r a m e t e r  a^  o f  t h e  s e c o n d - o r d e r  exam ple  f o r  a s e l e c t e d  n o l s e -  
t o - s i g n a l  r a t i o .  6 . d e f i n e d  a s
g ,  r « s i . s .  v a l u e  o f  t h e  n o i s e .  w ( t )
r . m . s .  v a l u e  o f  t h e  s i g n a l ,  c ( t )
In t h i s  c a s e ,  a s  w e l l  a s  a l l  c a s e s  t o  f o l l o w  i n  t h i s  c h a p t e r ,  t h e  
i n i t i a l  p a r a m e t e r  g u e s s e s ,  q>Q, a r e  z e r o ,
A s e r i e s  o f  l o n g - s a m p l e  c o m p a r i s o n s  b e tw ee n  LS and  IV e s t i m a t i o n  
a r e  g i v e n  in  F i g u r e s  5-7 f o r  s e l e c t e d  n o i s e - t o - s i g n a 1 r a t i o s .  The 
c r i t e r i o n  u s e d  t h r o u g h o u t  t h e  p r e s e n t  c h a p t e r  and  C h a p t e r  I I I  f o r  e v a l ­
u a t i n g  e s t i m a t i o n  p e r f o r m a n c e  i s  t h e  " e s t i m a t i o n  e r r o r  f r a c t i o n "  d e f i n e d
a s
I k  -  5yH
e -  -----------   ( 7 8 )
I k  - 9 0 ll
where  cp i s  t h e  t r u e  s y s t e m  p a r a m e t e r  v e c t o r  and  cpt  an d  cpQ a r e  t h e  e s t i ­
m a te s  a t  t im e  t  and  o .  N o t i c e  t h a t  i t  i s  o n ly  p o s s i b l e  t o  d e f i n e  € f o r
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Humber o f  Sam ples
F ig u re  3 1 B ia s  In param eter a .  f o r  LS e s t im a t io n  f o r  v a r io u s  
l e v e l s  o f  u n c o r r e la te d  m easurem ent n o i s e .
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Figure ?t Long-sample comparison o f  LS and IV e s t im a t io n  
with 6 -  0 .5 2 1  .
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t h e  d e t e r m i n i s t i c  p l a n t  s i n c e  o n l y  t h e n  i s  i t  p o s s i b l e  t o  o b t a i n  t h e  
t r u e  s y s t e m  p a r a m e t e r s .  The s c a l a r  < r e p r e s e n t s  t h e  n o r m a l i z e d  v e c t o r  
norm o f  t h e  e s t i m a t i o n  e r r o r  i n  t h e  p a r a m e t e r  s p a c e .  The lo w e s t  c u r v e  
on eac h  g r a p h  r e p r e s e n t s  t h e  b e s t  c o n v e r g e n c e  t o  t h e  t r u e  p a r a m e t e r  
v a l u e s  , cp.
The IV e s t i m a t o r  i s  s e e n  t o  o u t p e r f o r m  t h e  LS e s t i m a t o r ,  a s  p r e ­
d i c t e d ,  f o r  a l l  n o i s e - t o - s i g n a l  r a t i o s  e x c e p t  th e  c a s e  6 * 0 , t h e  n o i s e -  
f r e e  s y s t e m ,  w here  t h e  two m ethods  a r e  e q u i v a l e n t .  I t  i s  w e l l  known 
t h a t  t h e  LS e s t i m a t o r  i s  b e s t  f o r  t h i s  c a s e  o f  a l l  t h e  e s t i m a t o r s  in  
t h e  c l a s s  o f  l i n e a r  u n b i a s e d  e s t i m a t o r s .
S e l e c t i n g  a Sample  Rate
The i m p o r t a n t  f i r s t  s t e p  i n  t h e  " t u n i n g ” p r o c e d u r e  o f  a r e g r e s s i o n  
e s t i m a t i o n  t e c h n i q u e  e m p lo y in g  a d i f f e r e n c e  e q u a t i o n  model i s  t h e  s e ­
l e c t i o n  o f  a n  a p p r o p r i a t e  sam ple  r a t e .  I t  must  be a p p r o p r i a t e  i n  th e  
s e n s e  t h a t  t h e  e f f e c t s  o f  m u l t i c o l l i n e a r l t y  a r e  m i n i m i z e d .  T h i s  e f f e c t  
o f  t h e  sample  r a t e  on t h e  e s t i m a t e s  i s  i l l u s t r a t e d  i n  F i g u r e  8 . Here 
t h e  e s t i m a t i o n  e r r o r  f r a c t i o n  i s  p l o t t e d  a g a i n s t  t h e  o b s e r v a t i o n  p e r i o d .  
The sam ple  i n t e r v a l ,  T,  i s  t h e  g r a p h i c a l  p a r a m e t e r  and  i s  v a r i e d  from 
0 . 0 5  to  4 . 0  where  T i s  i n  some s u i t a b l e  t im e  u n i t s ,  say  s e c o n d s .  I t  i s  
c l e a r  from F ig u r e  8 t h a t  t h e  e s t i m a t e s  r a p i d l y  d e t e r i o r a t e  a s  t h e  sam­
p l e  r a t e  i s  i n c r e a s e d  due t o  t h e  c o r r e l a t i o n  a r i s i n g  be tw een  y fc j and 
y t  ̂ E q u a t i o n  17. F i g u r e  9 ,  on t h e  o t h e r  h a n d ,  shows a  decay  o f  
e s t i m a t o r  p e r f o r m a n c e  due t o  t h e  sample  r a t e  becom ing  t o o  s m a l l  an d  
r e s u l t i n g  i n  a l o s s  o f  dynamic  i n f o r m a t i o n .  F i g u r e  10 i s  a  summary o f  
F i g u r e s  8 and  9 where  t h e  minimum number  o f  s a m p l e s  r e q u i r e d  t o  s t a y  













Number o f  O a n p le s
F ig u r e  81 E f f e c t  o f  th e  sam ple I n t e r v a l  T on n o i s e - f r e e







Number o f  Samples
F ig u re  9 1 K f f e c t  o f  the  sample I n t e r v a l  T on n o is e - . f r e e




























F o r t u n a t e l y ,  t h e  o p t in u m  sam ple  r a t e  I s  n o t  a  s i n g l e  v a l u e  b u t  a  r a n g e  
w h ich  a p p e a r s  a s  band on t h e  t im e  s p e c t r i a n  from r o u g h l y  T -  0 , 5  t o  
T * 1 . 2 5 .  In  a d d i t i o n ,  e x c e l l e n t  r e s u l t s  ( f  l e s s  t h a n  0 .0 0 5  a f t e r  250 
s a m p l e s )  a r e  s t i l l  o b t a i n e d  w i t h i n  t h e  band o f  T -  0 . 2 5  t o  T -  4 . 0 .  
F i g u r e  11 I l l u s t r a t e s  t h e  e f f e c t  o f  t h e  sam ple  r a t e  on t h e  v a r i a n c e  o f  
t h e  e s t i m a t e  a ^ .  These  r e s u l t s  were  p r e s e n t e d  f o r  LS e s t i m a t i o n ,  s i n c e  
i t  i s  b e s t  f o r  6 ** 0 ,  b u t  t h e  r e s u l t s  f o r  IV e s t i m a t i o n  a r e  e q u i v a l e n t .
A s t u d y  was made t o  d e t e r m i n e  how t h e  optimum s a m p l e - i n t e r v a 1 band 
d epen d ed  upon t h e  r a t i o  o f  t h e  two t im e  c o n s t a n t s .  The r e s u l t s  p r e ­
s e n t e d  i n  t h e  a bove  p a r a g r a p h  had a  t im e  c o n s t a n t  r a t i o  o f  “  0 . 5 .
The c a s e s  were o b t a i n e d  w i t h  m a i n t a i n e d  a t  2 . 0  and  v a r i e d  t o  g iv e  
t h e  s e l e c t e d  r a t i o s .  The f o l l o w i n g  r e s u l t s  a r e  r e p o r t e d  f o r  t h e  sample  
i n t e r v a l  r a n g e  l o r  w hich  C i s  l e s s  th a n  0 .0 0 5  a f t e r  250 s a m p l e s .
R a t i o  Range o f  T
0 . 2 5  0 , 2  t o  1 .5
0 . 5 0  0 .2 5  t o  4 . 0
0 . 7 5  0 .2 5  t o  4 . 0
1 . 0 0  0 . 3 0  t o  3 .5
The c o n c l u s i o n  i s  t h a t  t h e  sam ple  t im e  s e l e c t i o n  i s  n o t  s e n s i t i v e  t o  
t h e  t im e  c o n s t a n t  r a t i o .  T h i s  r e s u l t  i s  s i g n i f i c a n t  b e c a u s e  i t  w i l l  
f a c i l i t a t e  t h e  e s t i m a t i o n  o f  a  p r o c e s s  whose t im e  c o n s t a n t s  a r e  c h a n g ­
i n g .  P a r a m e t e r  t r a c k i n g  r e s u l t s  f o r  t h i s  i n s t a n c e  w i l l  be g i v e n  i n  a 
s e c t i o n  t o  f o l l o w .
E f f e c t  o f  t h e  V a r i a t i o n  o f  Fp
To t h i s  p o i n t ,  t h e  method o f  i n i t i a l i z i n g  t h e  r e c u r s i v e  IV e s t i ­
m a t o r  o f  E q u a t i o n s  46 and  47 h a s  n o t  been  d i s c u s s e d .  From F ig u r e  2 












3 .02.0t . O0
5 a * p ie  I n t e r v a l
F igu re  l i t  E f f e c t  o f  the sample r a te  on v a r ia n ce  o f  parameter 
a^ f o r  s e l e c t e d  sample p e r io d s .
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m a t r i x ,  P , a n d  t h e  i n i t i a l  p a r a m e t e r  e s t i m a t e ,  tp . P c a n  be  o b t a i n e do To o
from E q u a t i o n  29  by i n v e r t i n g  a f t e r  t h e  f i r s t  n o b s e r v a t i o n s .  A l t e r ­
n a t e l y ,  i n  h i s  c h a p t e r  on  i d e n t i f i c a t i o n  u s i n g  LS e s t i m a t i o n ,  Lee ( 1 )  
s u g g e s t e d  a  m a t h e m a t i c a l  t r i c k ;  t h a t  t h e  c o m p u t a t i o n  p r o c e s s  be i n i ­
t i a t e d  a f t e r  t h e  f i r s t  n o b s e r v a t i o n s  by a s s u m in g





where  a  i s  v e r y  l a r g e .  T h i s  a s s u m p t i o n  i m p l i e s  t h e  a d d i t i o n  o f  a  s e t  
o f  n e q u a t i o n s  n e a r  z e r o .  In  p r a c t i c e ,  w i th  Pq s e t  t o  Ofl where  Ot i s  
l a r g e ,  i t  d o es  n o t  m a t t e r  what v a l u e  i s  UBed f o r  cp̂  b e c a u s e  t h e  a l g o ­
r i t h m ' s  "memory" I s  so  s h o r t  t h a t  i t  i g n o r e s  t h e  i n i t i a l  p a r a m e t e r  
e s t i m a t e .  Hence ,  any  v a l u e  may be u s e d  and  z e r o  i s  a s  good a s  any 
o t h e r .  On t h e  o t h e r  h a n d ,  t h i s  s u g g e s t s  t h a t  i f  a r e a s o n a b l y  good 
g u e s s  can  be made o f  cp^, t h e n  t h i s  c o n f i d e n c e  s h o u l d  be r e f l e c t e d  i n  
Pq by l o w e r i n g  t h e  v a l u e  o f  Of, The e f f e c t  o f  n o i s e  on t h e  s e l e c t i o n  
o f  or was s t u d i e d  f o r  IV e s t i m a t i o n .  The r e s u l t s  a n d  c o m p a r a t i v e  r e s u l t s  
f o r  LS e s t i m a t i o n  a r e  shown i n  F i g u r e s  12 -16 .
The r e s u l t s  show t h a t  t h e  c o n v e r g e n c e  p r o p e r t i e s  f o r  LS e s t i m a t i o n  
a r e  n o t  s i g n i f i c a n t l y  a f f e c t e d  by or a s  lo n g  a s  i t  i s  r e a s o n a b l y  l a r g e  
f o r  a g i v e n  n o i s e - t o - s i g n a l  r a t i o .  For e x a m p le ,  F i g u r e  13 shows o n ly  
s l i g h t  improvement  f o r  i n c r e a s e s  made i n  cr, o v e r  100.  The o n ly  a d v e r s e  
e f f e c t  o f  a n  i n c r e a s e  i n  ot i s  i n c r e a s e d  o s c i l l a t i o n s  w i t h i n  t h e  f i r s t  
s e v e r a l  s a m p l e s .  In  c o n t r a s t ,  t h e  e f f e c t  o f  a  on IV e s t i m a t i o n s  i s  
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F ig u r e  1 2 1 E f f e c t  o f  th e  v a r i a t i o n  o f  O' on n o i s e - f r e e  I S *






Number o f  Samples
Figure 1 3 1 O f fe c t  o f  the v a r ia t io n  o f  O' on LS e s t im a t io n  









Number o f  Sam ples
F ig u r e  14( E f f e c t  o f  th e  v a r i a t i o n  o f  &  on IV e s t i m a t i o n
w ith  u n c o r r e la t e d  measurement n o i s e ,  & “ 0 ,059  •
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1 0 ,0







Number o f  Sam ples
F ig u r e  1 5 1 E f f e c t  o f  the  v a r i a t i o n  o f  0 /  on I£  e s t i m a t i o n









Number o f  S am p le s
F ig u r e  16 1 E f f e c t  o f  the v a r i a t i o n  o f  Of on IV e s t im a t io n
w ith  u n c o r r e la t e d  measurement n o i s e ,  6  -  0 ,h 00 ,
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f a c t ,  i f  a  l a  c h o se n  t o  be t o o  h i g h  f o r  a  g i v e n  A, t h e  IV method may 
n o t  c o n v e r g e  a t  a l l .  However,  i t  l a  a l s o  e v i d e n t  t h a t  i f  a  i s  c h o s e n  
p r o p e r l y ,  t h e  r e s u l t s  o f  IV e s t i m a t i o n  a r e  much Im proved  o v e r  t h e  LS 
method when m easu rem en t  n o i s e  i s  p r e s e n t .
P a r a m e t e r  T r a c k i n g
The dynamic  IV a l g o r i t h m  o f  E q u a t i o n s  6 6 -6 8  was s t u d i e d  t o  d e t e r ­
mine t h e  p a r a m e t e r  t r a c k i n g  a b i l i t y  o f  a  n o n s t a t i o n a r y  s y s t e m .  The 
s e c o n d - o r d e r  example  o f  t h e  p r e v i o u s  s e c t i o n s  was i n i t i a t e d  and  t h e  
g a i n ,  k ,  was d o u b le d  d u r i n g  a 1500 sam ple  o b s e r v a t i o n  p e r i o d .  The 
a l g o r i t h m  was t h e r e f o r e  r e q u i r e d  t o  f o l l o w  two s e p a r a t e  s t e p  c h a n g e s  
i n  two o f  t h e  p a r a m e t e r s  o f  t h e  e x am p le .  The f i r s t  s t e p  e x e r c i s e s  t h e  
i n i t i a l  " l o c k i n g "  o f  t h e  a l g o r i t h m  and t h e  s ec o n d  s t e p ,  i n i t i a t e d  a t  
t h e  5 00 th  s a m p l e ,  r e q u i r e s  t h e  a l g o r i t h m  t o  t r a c k  an  a b r u p t  ch an g e  i n  
two o f  t h e  p l a n t  p a r a m e t e r s .  The i n i t i a l  e s t i m a t e  o f  t h e  p a r a m e t e r  
v e c t o r  cp was t a k e n  t o  be z e r o .
The two d i f f e r e n c e  e q u a t i o n  p a r a m e t e r s  a f f e c t e d  by t h e  p r o c e s s  
g a i n  a r e  p a r a m e t e r s  b j  and  b w h i c h  a r e  d i r e c t l y  p r o p o r t i o n a l  t o  k .
The m a t r i x  D o f  E q u a t i o n  67 was c h o se n  t o  be t h e  d i a g o n a l  m a t r i x
where  d was v a r i e d  i n  th e  s t u d y  t o  d e m o n s t r a t e  i t s  e f f e c t  on t r a c k i n g .  
With  d s 0 t h e  dynamic  a l g o r i t h m  r e d u c e s  t o  t h e  s t a t i c  form o f  E q u a t i o n s  
46 and  4 7 .
F i g u r e s  17 and 18 show t h e  e x c e l l e n t  t r a c k i n g  p e r f o r m a n c e  o f  t h e
IV method f o r  random m easu rem en t  n o i s e  w i t h  a  s t a n d a r d  d e v i a t i o n ,  a  ,v
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Number o f  Sam ples
F ig u r e  l ? i  IV tr a c k in g  e s t im a t e s  o f  param eter b. fo r




F ig u r e  18i E f f e c t  o f  th e  v a r i a t i o n  o f  d on IV param eter
t r a c k in g  w ith  CTy * 0 .0125  .
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f o r  t h e  f i r s t  500 s a m p l e s .  A g a i n ,  t h e  p a r a m e t e r  d i s  i n d i c a t i v e  o f  t h e  
a l g o r i t h m ' s  memory a s  i s  d e m o n s t r a t e d  i n  b o th  f i g u r e s .  In  p r a c t i c e ,  
d would be s e l e c t e d  e x p e r i m e n t a l l y  on t h e  b a s i s  o f  d e s i r e d  s p ee d  o f  
r e s p o n s e  and  t h e  o p p o s i n g  s m o o t h n e s s .  For t h e  low l e v e l  o f  n o i s e  I n t r o ­
duced  h e r e ,  t h e  r e s u l t s  o f  t h e  dynamic  LS e s t i m a t o r  a r e  a p p r o x i m a t e l y  
t h e  same.
F i g u r e s  19-22  i l l u s t r a t e  t h e  dynamic  a l g o r i t h m  o p e r a t i o n  a t  a
n o i s e  l e v e l  o f  a  = 0 . 0 2 5 .  F i g u r e  19 shows i n c r e a s e d  e r r a t i c  b e h a v i o rv
o f  t h e  e s t i m a t e s  due  t o  t h e  i n c r e a s e  i n  n o i s e  l e v e l .  The c o m b i n a t i o n  
o f  F i g u r e s  20 and  21 show t h e  e s t i m a t i o n  e r r o r  f o r  f o u r  s e p a r a t e  v a l u e s  
o f  d .  F i g u r e  22 shows a  c o m p a r a t i v e  p l o t  f o r  LS t r a c k i n g .  The e f f e c t  
o f  i n c r e a s e d  n o i s e  l a  f u r t h e r  i l l u s t r a t e d  i n  F i g u r e s  2 3 - 2 5 .  I t  i s  
c l e a r  t h a t  t h e  e r r a t i c  b e h a v i o r  o f  t h e  e s t i m a t e s  i s  i n c r e a s e d  i n  p r o ­
p o r t i o n  t o  t h e  i n c r e a s e  i n  m easu rem en t  n o i s e  l e v e l .
A s ec o n d  e x p e r i m e n t  was c o n d u c t e d  i n  o r d e r  t o  d e t e r m i n e  t h e  param­
e t e r  t r a c k i n g  p e r f o r m a n c e  o f  t h e  IV e s t i m a t o r  f o r  a s e c o n d - o r d e r  s y s te m  
i n  w h ich  a s t e p  ch an g e  was made i n  i t s  t im e  c o n s t a n t  r a t i o  d u r i n g  t h e  
c o u r s e  o f  t h e  e s t i m a t i o n .  A t  t h e  5 0 0 th  s a m p l e ,  th e  p l a n t ’ s t im e  c o n ­
s t a n t s  were  ch an g e d  from -  2 . 0  an d  T^ -  1 .0  t o  t h e  s e t  “  2 . 0 .
In t h i s  c a s e ,  a l l  f o u r  s y s t e m  p a r a m e t e r s  ch an g e  so  t h a t  t h e  n e c e s s a r y  
D m a t r i x  i s  now d l ^ ,  w here  1^ i s  a  (4 x 4 )  i d e n t i t y  m a t r i x .  The r e s u l t s  
a r e  shown i n  F i g u r e  26 f o r  t h e  c a s e  o f  -  0 . 0 2 5 .  S i m i l a r  r e s u l t s  
were  o b t a i n e d  when t h e  o r i g i n a l  s y s t e m  was s w i t c h e d  t o  t h e  s y s t e m  w i t h  
t im e  c o n s t a n t s  T^ -  2 . 0  and  * 0 . 5 .  A g a i n ,  i t  i s  c l e a r  t h a t  t h e  t im e  
c o n s t a n t  r a t i o  o f  a  s e c o n d - o r d e r  s y s t e m  h as  l i t t l e  i n f l u e n c e  on th e  
p e r f o r m a n c e  o f  t h e  IV e s t i m a t o r .
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0 .4
True Param eter  
V a r ia t io n
0 . 0
Number o f  Sam ples
F ig u r e  1 9 1 IV tr a c k in g  e s t i m a t e s  o f  param eter f o r
s e l e c t e d  v a l u e s  o f  d w ttb  0.025  .
0 .001
1 5 0 0
Number o f  Sam ples
F ig u r e  2 0 i  E f f e c t  o f  th e  v a r i a t i o n  o f  d on IV param eter
tr a c k in g  w ith  o* “  0 .025  .
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1 . 0




Number o f  Sam ples
F ig u r e  2 1 i E f f e c t  o f  th e  v a r i a t i o n  o f  d on IV p a r a a e te r







Number o f  Sam pler
F ig u r e  2 2 i K f f e c t  o f  th e  v a r ia t io n  o f  d on U1 param eter  





True Param eter  
V a r ia t io n
0 .3






Number o f  Sam ples
F ig u r e  2 3 1 IV t r a c k in g  e s t i m a t e s  o f  param eter f o r





Number o f  S a m p le r
F ig u r e  2 4 1 E f f e c t  o f  the  v a r i a t i o n  o f  d on IV param eter











F ig u r e  2 5 1 IV t r a c k in g  e s t i m a t e s  o f  param eter  f o r
s e l e c t e d  v a lu e s  o f  d w ith  CT * 0 ,1  .
,
d -  io~3
True P aram eter  
V a r ia t io n







Number o f  Samples
F igu re 2 6 i I V e s tim a to r  performance fo r  a s te p  change I n  the
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Dead Time
In t h e  I n t r o d u c t i o n  t o  t h i s  c h a p t e r ,  i t  was s t a t e d  t h a t  t h e  method 
p r e s e n t e d  c o u l d  be c o n s i d e r a b l y  s i m p l i f i e d  i f  a  p r i o r i  i n f o r m a t i o n  on 
t h e  model o r d e r  and  dead  t im e  i s  a v a i l a b l e .  An a s s u m p t i o n  on t h e  model 
o r d e r  p r e s e n t s  no p ro b le m  i n  t h e  c o n t r o l  a p p l i c a t i o n  s i n c e  i t  i s  p e r ­
f e c t l y  a c c e p t a b l e  t o  u s e  t h e  s e c o n d - o r d e r  model a s  a u n i v e r s a l  e m p i r i ­
c a l  e q u a t i o n  t o  which  a l l  p l a n t s  c a n  be a p p r o x i m a t e d .  The dead  t i m e ,  
h o w e v e r ,  d e s e r v e s  more c o n s i d e r a t i o n  a s  i t  i s  e n t i r e l y  l i k e l y  t h a t  i t  
may ch an g e  d u r i n g  t h e  o p e r a t i o n  o f  some p r o c e s s e s .
I f  t h e  d e ad  t im e  i s  unknown o r  i s  e x p e c t e d  t o  c h a n g e  d u r i n g  p r o ­
c e s s  o p e r a t i o n  t h e n  i t  w i l l  be n e c e s s a r y  t o  i d e n t i f y  t h e  s y s t e m  r a t h e r  
t h a n  s im p ly  e s t i m a t e  i t s  p a r a m e t e r s .  The p r o c e d u r e  becomes an  i t e r a t i v e  
one  i n  w h ich  a  number o f  v a l u e s  o f  t h e  t r a n s p o r t a t i o n  l a g  a r e  s e l e c t e d  
and  u s e d  t o  d e t e r m i n e  e s t i m a t e s  on t h e  same s e t  o f  d a t a .  The v a l u e  o f  
t h e  dead  t im e  t h a t  r e s u l t s  i n  t h e  l o w e s t  v a r i a n c e  i n  t h e  p a r a m e t e r s  
would  be s e l e c t e d  and  t h e  dead  t im e  i s  t h u s  i d e n t i f i e d .  T h i s  p r o c e d u r e  
ho w e v e r ,  p r e c l u d e s  t h e  u s e  o f  t h e  dynamic  a l g o r i t h m  a s  t h e  w e i g h t i n g  
m a t r i x  (w h ic h  c o n t a i n s  t h e  v a r i a n c e  i n f o r m a t i o n )  i s  a r t i f i c i a l l y  m a in ­
t a i n e d  a t  t h e  lo w e r  bound m a t r i x  D.
The c o n s i d e r a t i o n  t o  t h i s  p o i n t  h a s  I n f e r r e d  t h e  u s e  o f  a dead  t im e  
which  i s  an  i n t e g r a l  m u l t i p l e  o f  t h e  s a m p l in g  I n t e r v a l ,  T. I t  i s ,  o f  
c o u r s e ,  p o s s i b l e  t o  i d e n t i f y  a n d / o r  e s t i m a t e  a  dead  t im e  which  i s  n o t  
a  s i m p l e  m u l t i p l e  o f  t h e  sam p le  t im e  v i a  t h e  m o d i f i e d  z - t r a n s f o r m  ( 2 5 ) .  
T h i s  h a s  t h e  e f f e c t  o f  a d d i n g  a d d i t i o n a l  l a g g e d  v a l u e s  o f  t h e  i n p u t  û . 
t o  t h e  m o d e l .  However,  t h e  u se  o f  t h e  m o d i f i e d  z - t r a n s f o r m  model i s  
u n n e c e s s a r y  i f  t h e  d e ad  t im e  i s  known a  p r i o r i  b e c a u s e ,  a s  h a s  been  
shown, t h e  d e s i g n e r  h a s  c o n s i d e r a b l e  f r eedom  t o  c h o o se  t h e  sam ple  i n t e r ­
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v a l  so t h a t  t h e  dead  t im e  c an  be made a  m u l t i p l e  o f  T. To I n c l u d e  dead  
t im e  i n  t h i s  manner  h a s  l i t t l e  e f f e c t  on t h e  e s t i m a t i o n  p e r f o r m a n c e  a s  
c a n  be s e e n  i n  F i g u r e  27 .
P l a n t  D i s t u r b a n c e s
To t h i s  p o i n t ,  c o n s i d e r a t i o n  ha s  been  l i m i t e d  t o  a  d e t e r m i n i s t i c
s y s t e m  d i s t u r b e d  o n l y  by m easu rem en t  n o i s e .  More s p e c i f i c a l l y ,  w.d.  t
i n  E q u a t i o n  12 has  been  c o n s i d e r e d  t o  be z e r o  and a t t e n t i o n  has  been  
f o c u s e d  on t h e  (1 - a  z ^)w te rm  which  r e p r e s e n t s  t h e  a u t o c o r r e l a -X n f t
t i o n  c a u s e d  by m easu rem en t  n o i s e .  I t  w i l l  be  o f  i n t e r e s t  i n  t h i s  s e c ­
t i o n  to  d r o p  t h e  m easurem en t  n o i s e  t e rm  and  exam ine  t h e  s i n g l e  e f f e c t  
o f  p l a n t  d i s t u r b a n c e s .  In  t h i s  i n s t a n c e ,  t h e  s e c o n d - o r d e r  example  i s  
no l o n g e r  d e t e r m i n i s t i c  f o r  i t  i s  now c o n s i d e r e d  t o  be s t o c h a s t i c .
For t h e  c a s e  where  t h e  p l a n t  d i s t u r b a n c e s  o f  E q u a t i o n  17 a r e  w h i t e  
n o i s e ,  t h e  e s t i m a t i o n  p ro b le m  f u l f i l l s  a l l  o f  t h e  a s s u m p t i o n s  o f  t h e  
L5 e s t i m a t o r  i n  t h e  p r o b a b i l i t y  l i m i t  and  t h a t  e s t i m a t o r  i s  t h e r e f o r e  
t h e  o p t i m a l  e s t i m a t o r .  F i g u r e  28 shows t h e  e f f e c t  o f  t h e  n o i s e - t o -  
s i g n a l  r a t i o  on o p t i m a l  e s t i m a t i o n  and  i l l u s t r a t e s  an  i m p o r t a n t  p o i n t .  
A l t h o u g h  t h e  e s t i m a t o r  i s  n o t  b i a s e d  i n  t h i s  c a s e ,  a s  l e s s  o f  t h e  
o u t p u t  y i s  e x p l a i n e d  by th e  e x p l a n a t o r y  v a r i a b l e  u t , t h e n  t h e  v a r i ­
a n c e s  o f  t h e  e s t i m a t e s  i n c r e a s e  and  t h e  e s t i m a t o r  p e r f o r m a n c e  d e c r e a s e s .  
T h i s  p o i n t  w i l l  be  e s p e c i a l l y  i m p o r t a n t  f o r  c l o s e d - l o o p  e s t i m a t i o n  to  
be d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .  The r e s u l t s  f o r  t h e  IV e s t i m a t o r  in  
t h i s  c a s e  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t .
F i g u r e s  29 and  30 i l l u s t r a t e  t h e  e f f e c t  o f  a u t o c o r r e l a t e d  p l a n t  
d i s t u r b a n c e s  f o r  L£ and IV e s t i m a t i o n .  From E q u a t i o n  14,  t h e  a u t o c o r ­
r e l a t i o n  f a c t o r ,  s ^ ,  i s  a m easu re  o f  t h e  c o r r e l a t i o n  from one sample  
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IV estimation Kith <r " 0 .0 2 5  .vp
The c o m b i n a t i o n  o f  a u t o c o r r e l a t e d  p l a n t  d i s t u r b a n c e s  and  l a g g e d  
v a l u e s  o f  t h e  i n p u t  and  o u t p u t  c a u s e  t h e  LS e s t i m a t o r  t o  become i n c o n ­
s i s t e n t  ( 7 )  and  t h i s  a d v e r s e  e f f e c t  i s  shown i n  F i g u r e  29 .  On t h e  
o t h e r  h a n d ,  F i g u r e  30 i s  e v i d e n c e  t h a t  t h e  IV e s t i m a t o r  i s  c a p a b l e  o f  
m a i n t a i n i n g  c o n s i s t e n t  e s t i m a t e s  b e c a u s e  i t  c an  e f f e c t i v e l y  c o r r e c t  t h e  
p ro b le m  a s s o c i a t e d  w i t h  t h e  c u r r e i a t e o  e r r o r s  c o n t a i n e d  i n  t h e  l a g g e d  
v a r i a b l e s .  However,  t h e  IV method  w i l l  n o t  be  e f f i c i e n t  In  t h i s  i n ­
s t a n c e  b e c a u s e  i t  h a s  d e a l t  o n ly  w i t h  one o f  t h e  d i f f i c u l t i e s  and  h a s  
n o t  c o r r e c t e d  t h e  a u t o c o r r e l a t i o n  o f  t h e  d i s t u r b a n c e .
S u m m ary
A s e q u e n t i a l  t e c h n i q u e  f o r  e s t i m a t i n g  t h e  p a r a m e t e r s  o f  a  d i f f e r ­
en ce  e q u a t i o n  model  o f  a p r o c e s s  s u b j e c t  t o  n o i s e  h a s  been  p r e s e n t e d  
f o r  t h e  o p e n - l o o p  c o n f i g u r a t i o n .  The t e c h n i q u e  r e q u i r e s  no  a s s u m p t i o n s  
t o  be  made on t h e  n o i s e  s t a t i s t i c s  and  p r e s e r v e s  much o f  t h e  s i m p l i c i t y  
o f  l e a s t - s q u a r e s  e s t i m a t i o n  w h i l e  d e a l i n g  e f f e c t i v e l y  w i t h  m easurem en t  
n o i s e .
The method was a p p l i e d  t o  a  d e t e r m i n i s t i c  s e c o n d - o r d e r  example  t o  
i l l u s t r a t e  i t s  p e r f o r m a n c e  i n  c o m p a r i s o n  t o  LS e s t i m a t i o n  a n d  t o  s t u d y  
t h e  s e l e c t i o n  o f  v a r i o u s  p a r a m e t e r s  t o  be u s e d  i n  i t s  i m p l e m e n t a t i o n .  
D e m o n s t r a t i o n  was g i v e n  on t h e  p a r a m e t e r  t r a c k i n g  c a p a b i l i t y  o f  t h e  
dynamic  form o f  t h e  IV e s t i m a t o r .  The dynamic  a l g o r i t h m  i s  I m p o r t a n t  
f o r  u s e  i n  a n  a d a p t i v e  c o n t r o l  s t r a t e g y  t o  be d i s c u s s e d  i n  t h e  f o l l o w ­
i n g  c h a p t e r .
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CHAPTER I I I
CLOSED-LOOP IDENTIFICATION OF A NOISY PROCESS UTILIZING 
A SEQUENTIAL INSTRUMENTAL-VARIABLE ESTIMATOR
I n t r o d u c t i o n
The p r o b le m  o b j e c t i v e  In  t h e  p r e c e d i n g  c h a p t e r  was t o  e s t i m a t e  
t h e  model p a r a m e t e r s  f o r  a  r e l a t i o n s h i p  which  was p o s t u l a t e d  t o  e x p l a i n  
o b s e r v e d  b e h a v i o r  b e tw e e n  a  s i n g l e  i n p u t  and  i t s  c o r r e s p o n d i n g  o u t p u t .  
An u n d e r l y i n g  a s s u m p t i o n  o f  s i n g l e - e q u a t i o n  e s t i m a t i o n  i s  t h a t  t h e  p r o ­
c e s s  has  b e e n  s u f f i c i e n t l y  i s o l a t e d  so  t h a t  t h e  c o n d i t i o n s  f o r  t h e  
v a l i d i t y  o f  t h e  r e s u l t s  a r e  s a t i s f i e d .  For  t h i s  r e a s o n ,  t h e  p a r a m e t e r  
e s t i m a t i o n  was p e r f o r m e d  o p e n - l o o p  so  t h a t  t h e  p r o c e s s  c o u l d  be f r e e l y  
and  I n d e p e n d e n t l y  f o r c e d  from w i t h o u t .  I t  was a l s o  n e c e s s a r y  t o  m a in ­
t a i n  t h e  c o n s t a n c y  o f  any  e x t r a n e o u s  v a r i a b l e s  known t o  i n f l u e n c e  t h e  
o u t p u t .  The d i s a d v a n t a g e s  o f  t h i s  p r o c e d u r e  a r e  w e l l -k n o w n  so  t h a t  t h e  
e f f o r t  i n  t h e  p r e s e n t  c h a p t e r  wJ 11 be t o  e x p l o r e  a  p r o c e d u r e  whereby  
e s t i m a t i o n  may be p e r f o r m e d  w h i l e  t h e  p r o c e s s  I s  i n  i t s  n o rm a l  c o n f i g u ­
r a t i o n .  H en ce ,  f o r  c l o s e d - l o o p  e s t i m a t i o n ,  t h e  i n t e r e s t  i s  s t i l l  c e n ­
t e r e d  on a  s i n g l e  e q u a t i o n ,  b u t  now c o n s i d e r a t i o n  must be  g i v e n  t o  t h e  
au tonom ous  s y s t e m  o f  r e l a t i o n s  i n  w h ich  t h e  e q u a t i o n  i s  embedded.
The d e v e lo p m e n t  h e r e  f o r  t h e  p r o c e s s  c o n t r o l  a p p l i c a t i o n  f o l l o w s  
t h e  p r e s e n t a t i o n  o f  K l e i n  ( 1 )  on s i m u l t a n e o u s - e q u a t i o n  s y s t e m s  where  
t h e  l a t t e r  d e v e lo p m e n t  a p p l i e s  t o  t h e  s t u d y  o f  econom ic  r e l a t i o n s h i p s .
I t  i s  n e c e s s a r y  t o  f i r s t  d e f i n e  s e v e r a l  t e r m s  r e q u i r e d  f o r  t h e  e s t a b ­




Endogenous variables are depandent variables whose values are 
determined by the simultaneous Interaction of the relations in the 
model. These variables have a probability distribution whose param­
eters are elements of the system being estimated. That Is,
Etyt v t ] i* o
where y^ is an endogenous variable and v is a random disturbance. 
Variables that have an effect on the system but are not affected 
by the system are called exogenous of independent variables. Exogenous 
variables, x^, may be fixed variates or random variables but in either 
case, the condition
E [ x t v t ] =- 0
is imposed for linear systems. An exogenous variable is predetermined, 
but lagged values of endogenous variables are also predetermined. Here 
the condition
E£ y t _ i v t ] ■ 0
applies provided the errors v are mutually independent, i.e.,
E[v vt'] = 0 t ^ t’
Slmultaneous-Equatlon Model
The general model is given by
where
A Y + A,Y + ... + A Y + BXt . - V, o t 1 t-1 p t-p t-1 I
a 11 a I s
( 1 )
a s l ot88
a r e  ( s x s )  c o e f f i c i e n t  m a t r i c e s  f o r  t h e  e n d o g en o u s  v a r i a b l e  v e c t o r s
YV j  -  [ y 1 y 2 • • •
a 11 a lm
• •
s i sm
i s  an  (sxra) c o e f f i c i e n t  m a t r i x  f o r  t h e  e x o g en o u s  v a r i a b l e  v e c t o r
T T
X , = [x  x 0 . . .  X ] V . = [ v .  v . . .  v 1 i s  a v e c t o r  o f  randomt - I  1 z m t - 1  t  I z s t
v a r i a b l e s  and  s and  m a r e  t h e  number o f  d e p e n d e n t  and  I n d e p e n d e n t  v a r i*  
a b l e s  r e s p e c t i v e l y .  The 1 th  e q u a t i o n  o f  t h i s  l i n e a r  dynamic  s y s te m  I s
s p m
j “ l " i / j . t  + j - l  k - 1  “ i j . k ^ . t - k  +j - l  e i j Xj , t  “ v l , t ( 2 )
I f  t h e r e  i s  no  s e r i a l  d e p en d e n c e  among t h e  e l e m e n t s  o f  , I . e . ,
E [ v i , t  v j . t ' ] ■ 0  £ *  £ '
t h e  y  ̂ c an  be t r e a t e d  l i k e  o t h e r  p r e d e t e r m i n e d  v a r i a b l e s  f o r  l a r g e  
s a m p l e s .  H ence ,  w i t h  no s e r i a l  d e p e n d e n c e ,  t h e  l a g g e d  Y£  ̂ v e c t o r s  o f  
E q u a t i o n  1 may be i n c l u d e d  In  t h e   ̂ v e c t o r  and E q u a t i o n  1 s i m p l i f i e s
to
AY + BX . t  t - 1 ( 3 )
In p r a c t i c e ,  t h e  A and  B m a t r i c e s  a r e  o f t e n  s p a r s e  and  i d e n t i f i ­
c a t i o n  r e q u i r e s  s p e c i f i c  a  p r i o r i  i n f o r m a t i o n  i n  o r d e r  t o  d i s t i n g u i s h  
one e q u a t i o n  from t h e  o t h e r .
C r i t e r i a  f o r  I d e n t i f i c a t i o n
The i t h  e q u a t i o n  o f  t h e  s i m u l t a n e o u s  s y s t e m  o f  E q u a t i o n  3 i s
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B ecause  o f  t h e  p r e s e n c e  o f  z e r o  c o e f f i c i e n t s  and  o t h e r  l i n e a r  r e s t r i c -
l n  E q u a t i o n  4 a b s e n t .  T h i s ,  i n  e s s e n c e ,  makes i t  p o s s i b l e  t o  i d e n t i f y  
t h e  i_th e q u a t i o n  f o r  i f  i t  i s  i m p o s s i b l e  t o  r e p r o d u c e  t h e  s t a t i s t i c a l  
form o f  t h e  1t h  e q u a t i o n  by l i n e a r  c o m b i n a t i o n  o f  some o r  a l l  o f  t h e  
e q u a t i o n s  o f  t h e  s y s t e m ,  t h e n  t h e  i t h  e q u a t i o n  i s  s a i d  t o  be i d e n t i f i e d .  
By r e p r o d u c t i o n  o f  s t a t i s t i c a l  fo rm ,  i t  i s  I n t e n d e d  t o  mean t h e  d e r i v a ­
t i o n  o f  an e q u a t i o n  e x p r e s s i n g  t h e  same s t o c h a s t i c  l i n e a r  r e l a t i o n  among 
t h e  same v a r i a b l e s  c h a t  a p p e a r  w i t h  n o n - z e r o  c o e f f i c i e n t s  and h a v i n g  
t h e  same l i n e a r  r e s t r i c t i o n s  t h a t  o c c u r  among t h e  p a r a m e t e r s .
The p u r p o s e  o f  t h i s  and  s e v e r a l  s e c t i o n s  t o  f o l l o w  i s  t o  d e t e r m i n e
t h e  p o s s i b i l i t y  o f  s e p a r a t i n g  t h e  p r o c e s s  model e q u a t i o n  f rom  t h e  s i m u l ­
t a n e o u s  s e t  i n  w h ich  I t  i s  embedded and e s t i m a t i n g  i t s  p a r a m e t e r s ,  i . e . ,  
i d e n t i f y i n g  i t  u s i n g  a s i n g l e - e q u a t i o n  e s t i m a t o r .  P r i m a r i l y ,  i n t e r e s t  
c o n c e r n s  t h e  e s t i m a t i o n  o f  a s e c o n d - o r d e r  model o f  a p l a n t  i n  a  f e e d -
b a c k - c o n t r o l  l o o p .  Where i t  i s  p o s s i b l e  t o  do s o ,  t h e  p a r a l l e l  d e v e l ­
opment o f  t h e  g e n e r a l  s i m u l t a n e o u s  s e t  w i l l  be i n c l u d e d  f o r  c o m p l e t e n e s s .
Feedback  C o n t r o l  Loop
C o n s i d e r  t h e  p r o c e s s  c o n t r o l  d i a g r a m  i n  F i g u r e  1 and  th e  p r o c e s s  
d e t a i l  i n  F i g u r e  2 .  F i g u r e  1 i l l u s t r a t e s  t h e  c l o s e d - l o o p  i d e n t i f i c a t i o n  
p r o b le m .  F i g u r e  2 shows t h e  r e l a t i o n s h i p  o f  t h e  t h e o r e t i c a l  d i s t u r b a n c e  
w and t h e  a c t u a l  e s t i m a t i o n  e r r o r s .  From C h a p t e r  [ I ,  t h e  s t a t i s t i c a l  
model f o r  t h e  p r o c e s s  G (z )  i s
t l o n s  on t h e  a t h e  u s u a l  c a s e  i s  t o  h a v e  many o f  t h e  t e rm s
( 5 )
wi t h
t - l y t - 2  ’ ** y t - p Ut - M - l Ut-M -2 u t -M -q ]





u ( z )
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T rue  P r o c e s s  
O u t p u t
y(«)
T h e o r e t i c a l
D i s t u r b a n c e
Measured
O u tp u t
F i g u r e  2 |  P r o c e s s  d e t a i l .
w here  cp i s  t h e  v e c t o r  o f  model p a r a m e t e r s ,  y I s  t h e  n o i s e  c o r r u p t e d  
o u t p u t  and  i® t h e  v e c t o r  o f  p a s s e d  i n p u t s  and  o u t p u t s .  The e x a c t
t r a n s f e r  f u n c t i o n  f o r  t h e  c o n t r o l l e r  i s  d e f i n e d  a s
“c -jEi hjut.j -j£0 Vt-j  (6>
o r  q
)£0  Vu 3  v-----------  V
c p -1 c 
1 - j £ i  V
where  t h e  g^ a r e  t h e  c o n t r o l l e r  i n p u t  p a r a m e t e r s  and  h j  a r e  t h e  c o n ­
t r o l l e r  o u t p u t  p a r a m e t e r s .
S e c o n d - O r d e r  Example
A s p e c i f i c  exam ple  w i l l  now be s e l e c t e d  f o r  s t u d y  from t h e  g e n e r a l  
s e t  o f  E q u a t i o n s  5 and  6 . The " v e l o c i t y "  form o f  t h e  PID c o n t r o l  law 
i s
“ t  '  V l  ■ Kc C' t  -  ' t -1  + ' t  -  T  i y t - ^ t - l  + y t - 2 ) ]  ( 7 >
where  K i s  t h e  c o n t r o l l e r  g a i n ,  Tj i s  t h e  d e r i v a t i v e  t i m e ,  T,, i s  t h e  c w d i
i n t e g r a l  t i m e ,  and  e t  i s  t h e  f e e d b a c k  e r r o r ,  ( r t  - y t )* w i t h  r  b e i n g  
t h e  s e t  p o i n t .  I f  t h e  s e t  p o i n t  I s  c o n s i d e r e d  to  be c o n s t a n t  and  e q u a l  
t o  z e r o ,  E q u a t i o n  7 may be r e - a r r a n g e d  t o  g i v e  t h e  f o l l o w i n g  t r a n s f e r  
f u n c t i o n  f o r  t h e  PID c o n t r o l  a l g o r i t h m
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From t h e  g e n e r a l  p r o c e s s  o f  E q u a t i o n  5 ,  t h e  s e c o n d - o r d e r  model  i s  
s e l e c t e d  t o  g i v e
yt • V c- l  + “Vc-Z + Vt-1 + b2ut-2 + wt <9)
E q u a t i o n s  8 and  9 e r e  r e a r r a n g e d  and  combined  t o  form t h e  f o l l o w ­
ing  e q u a t i o n  s e t
- Vt-1 • b!ut-i - V t-I  - b„u2 t - 2
■Vt + ut ■ 8iyt-: -  u t -1 -
( 10 )
2J t - 2 0
From F i g u r e  2,  f o r  t h e  c a s e  o f  n e g l i g i b l e  m easu rem en t  n o i s e  w i t h  random, 
d i s t u r b a n c e  and  m o d e l i n g  e r r o r s ,  i . e . ,  t h e  t h e o r e t i c a l  d i s t u r b a n c e  w^ 
i s  random, t h e  l a g g e d  v a l u e s  o f  t h e  p r o c e s s  o u t p u t  may be com bined  w i t h  
t h e  e x o g en o u s  v a r i a b l e s  ( 1 ) t o  g i v e
1 0 "y t +
_?o 1 i
c rr 1
“ l 'bl -2  'b2 
- 8 ,  -1 - 8 2 0 u
( 1 1 )
t -1  
t -1  
t -  2 
' t -2
E q u a t i o n  11 i s  now i n  t h e  s l m u l t a n e o u s - e q u a t i o n  model form and  t h e  
v a r i a b l e s  o f  E q u a t i o n  3 w i l l  be  t a k e n  to  r e p r e s e n t  t h e  r e s p e c t i v e  
m a t r i c e s  and  v e c t o r s  o f  E q u a t i o n  11.
The s l m u l t a n e o u s - e q u a t i o n  model w i l l  now be t r a n s f o r m e d  i n t o  i t s  
" r e d u c e d  f o r m " .  T h i s  i s  an  a l t e r n a t e  way o f  w r i t i n g  a s y s te m  so  t h a t  
each  e n d o g en o u s  v a r i a b l e  i s  e x p r e s s e d  a s  a f u n c t i o n  o f  p r e d e t e r m i n e d  
v a r i a b l e s  a l o n e .  M u l t i p l i c a t i o n  o f  E q u a t i o n  3 by A ^and r e a r r a n g e m e n t  
g i  ves
Yt -  -  A_ 1 BXt - l  + A ' 1Vt ( 1 2 )
nx , + wt - 1  t
07
w here  n I s  t h e  r e d u c e d - f o r m  m a t r i x  o f  model  p a r a m e t e r s  and  I s  t h e  
r e d u c e d - f o r m  m a t r i x  o f  e r r o r s .
Now, i n  t e rm s  o f  t h e  s e c o n d - o r d e r  example
T 0"-1
K 1°o
“ t -  a ' \
- A ‘ l B





*1  b l *2  b2 
*1 1 8 2 °
(1 5 )
( g ^ + K l )  ( g ^ j + 1 )  <g08 2+* 2 ) * o b 2
The r e d u c e d  e q u a t i o n s  a r e  t h e r e f o r e
y * a i y t - i bi V i a 2y t - 2 b 2Ut - 2




o r  a l t e r n a t e l y
( g l +* o V U + 1! ,>b l )
t - i
t - i ( g 2-i*0» 2 ) g 0 i>2




I d e n t l f l a b i l i t y
The c o n n e c t i o n  b e tw ee n  t h e  s t r u c t u r a l  and  t h e  r e d u c e d  form c o e f f i ­
c i e n t s  i s
n -  - A_1B ( 1 7 )
o r  All + B = 0
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which  may be w r i t t e n
m - o (is)
where  P -  [ a b ] and  fi *
f  i s  a [ sx ( s -H n ) ]  m a t r i x  o f  a l l  s t r u c t u r a l  c o e f f i c i e n t s  and  O i s  a  
[ ( sxm )xm ]  m a t r i x  w i t h  r a n k  m c o n t a i n i n g  r e d u c e d - f o r m  c o e f f i c i e n t s .  For
t h e  s e c o n d - o r d e r  exam ple  from E q u a t i o n  10
1 0 : - b j  - a 2 - b 2
(1 9 )
y o  1 ; - g j  -1  - g 2 0_
A n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  i d e n t i f i c a t i o n  ( 1 )  
of  th e  i_th e q u a t i o n  i n  t h e  sy s te m  
AYt  + B X ^ j  -  Vt
i s rank  T &,i - - ( 2 0 )
where  6  ̂ i s  a m a t r i x  o f  known c o e f f i c i e n t s  w i t h  s + m rows and a s  many
columns  a s  a r e  n e c e s s a r y  t o  e x p r e s s  a l l  t h e  r e s t r i c t i o n s .  In t h i s
e x a m p l e ,  f o r  t h e  f i r s t  e q u a t i o n






e x p r e s s e s  t h e  r e s t r i c t i o n  from E q u a t i o n  10 t h a t  “ 0 .  T h e r e f o r e
r e,
1 o - 4 l  - b l  - . 2 - b 2 
go 1 - g l  - 1 - *2  °
( 2 2 )
S in c e  t h e  r a n k  ( f  6 ^) * 1 ■ s - 1,  t h e  f i r s t  e q u a t i o n  i s  i d e n t i f i a b l e ,
[3
The s ec o n d  e q u a t i o n  o f  E q u a t i o n  10 c o n t a i n s  t h e  r e s t r i c t i o n s  a 2 2
- P 22 and  “ 0 which  g i v e
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( 2 4 )
S i n c e  t h e  r a n k  (T 0 ^ )  -  1 -  b -  1 ,  t h e  s ec o n d  e q u a t i o n  i s  i d e n t i f i a b l e .  
I t  must  be added  t h a t  t h i s  r e s u l t  was t o  be e x p e c t e d  s i n c e  t h e  f i r s t  
e q u a t i o n  was i d e n t i f i a b l e  and  t h e r e  a r e  o n ly  two .  F u r t h e r ,  t h e r e  i s  no  
i n t e r e s t  i n  e s t i m a t i n g  th e  p a r a m e t e r s  o f  t h e  s e c o n d  e q u a t i o n  s i n c e  th e y  
a r e  known.
S i n g l e  E q u a t i o n  E s t i m a t i o n
The r e s u l t s  o f  t h e  l a s t  s e c t i o n  showed t h a t  i t  i s  t h e o r e t i c a l l y  
p o s s i b l e  t o  s e p a r a t e l y  i d e n t i f y  t h e  component e q u a t i o n s  o f  t h e  s i m u l -  
t a n e o u s  s e t  which  d e s c r i b e s  t h e  s i n g l e - i n p u t - s i n g l e - o u t p u t  f e e d b a c k  
c o n t r o l  l o o p .  Note  t h a t  t h e  i d e n t i f i c a t i o n  c r i t e r i o n  was n o t  b u rd e n e d  
w i th  c o n s i d e r a t i o n s  germane  t o  t h e  p a r a m e t e r  e s t i m a t i o n  I t s e l f .  I t  
w i l l  be shown t h a t  t h e  c l o s e d - l o o p  c o n f i g u r a t i o n  c a u s e s  e x t r e m e  l i n e a r  
d e p en d e n c e  among r e g r e s s o r s  w i t h  t h e  c o n s e q u e n t i a l  r e s u l t  t h a t  e s t i ­
m a t i o n  w i t h  t h e  m ethods  d i s c u s s e d  In  C h a p t e r  I I  i s  i m p o s s i b l e  e x c e p t  
f o r  an  i m p o r t a n t  s p e c i a l  c a s e .
M u l t l c o l l i n e a r i t y  was d i s c u s s e d  a t  l e n g t h  i n  C h a p t e r  I I  w here  t h e  
i n t e r e s t  c e n t e r e d  a r o u n d  t h e  c o r r e l a t i o n  which  a r i s e s  b e tw ee n  t h e  d e p e n ­
d e n t  v a r i a b l e ,  y , and  i t s  l a g g e d  v a l u e s .  I t  was d e m o n s t r a t e d  t h a t
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w i t h  p r o p e r  s e l e c t i o n  o f  t h e  sam ple  i n t e r v a l  t h e  e f f e c t s  o f  m u l t l c o l l i n -  
e a r i t y  c o u l d  be m i n i m i z e d .  However,  t h e  I n t r o d u c t i o n  o f  t h e  f e e d b a c k  
p a t h  c a u s e s  c o r r e l a t i o n  t o  a r i s e  be tw een  t h e  d e p e n d e n t  o u t p u t  v a r i a b l e ,  
y t , and  h e r e t o f o r e  " i n d e p e n d e n t "  i n p u t  v a r i a b l e ,  u t> Upon e x a m i n a t i o n  
o f  E q u a t i o n  10 , i t  i s  c l e a r  t h a t  t h e  s e t  c o n t a i n s  t h e  end o g en o u s  ( d e p e n ­
d e n t )  v a r i a b l e s  y and  u t  and  t h e i r  l a g g e d  v a l u e s .  E q u a t i o n  10 c o n t a i n s  
no ex o g en o u s  ( i n d e p e n d e n t )  v a r i a b l e s .  Only on t h e  s t r i c t  c o n d i t i o n  t h a t  
t h e  t h e o r e t i c a l  d i s t u r b a n c e ,  , i s  random c an  t h e  p r e d e t e r m i n e d  v a r i ­
a b l e s  o f  E q u a t i o n  10 be c o n s i d e r e d  t o  be  ex o g en o u s  ( 1 ) .  The c o r r e l a t i o n  
b e tw ee n  t h e s e  p r e d e t e r m i n e d  v a r i a b l e s  and  t h e i r  e f f e c t  on t h e  e s t i m a t i o n  
o f  t h e  f i r s t  e q u a t i o n  o f  E q u a t i o n  10 w i l l  now be exam ined  i n  d e t a i l .
C lo se d -L o o p  M u l t i c o l l i n e a r i t y
An e s t i m a t o r  e m p lo y in g  t h e  r e g r e s s i v e  t e c h n i q u e  r e q u i r e s  t h e  I n v e r -
Ts i o n  o f  t h e  moment m a t r i x  [XR_ 1 Z where  1 i n  t h i s  i n s t a n c e
r e f e r s  t o  t h e  (n  X K) o b s e r v a t i o n  m a t r i x  o f  i n s t r u m e n t a l  v a r i a b l e s .  The
i n v e r s i o n  i s  o f  c o u r s e  I m p o s s i b l e  i f  t h e  r a n k  o f  X^ and c o n s e q u e n t l y
Tt h e  r a n k  o f  [x  . Z . . ] ,  i s  l e s s  t h a n  n .
For t h e  s e c o n d - o r d e r  example
„T
K - l -1 -1
y i ut -1  t u t -1
(2 5 )
yK - l  yK-2 “k -1  UK-2
The d a t a  a r e  assum ed  t o  have  b e en  t a k e n  o v e r  a  s u f f i c i e n t l y  " a c t i v e *  
p e r i o d  so t h a t  t h e  y t  and y t _^ and  u t  an<J co lum ns  a r e  l i n e a r l y
i n d e p e n d e n t  t h r o u g h  p r o p e r  s e l e c t i o n  o f  t h e  sam ple  r a t e .
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C o n s i d e r  now t h e  t h r e e  conmon c o n t r o l  laws
( 2 6 )
( 2 7 )
P ( 2 8 )
I t  I s  o b v i o u s  from E q u a t i o n s  27 and  20 t h a t  u t i l i z a t i o n  o f  e i t h e r  t h e
P i  o r  t h e  P c o n t r o l l e r  w i l l  r e s u l t  i n  e x a c t  l i n e a r  d e p en d e n c e  among t h e  
Tcolumns  of  X  ̂ r e g a r d l e s s  o f  any p a r t i c u l a r  v a l u e s  which  may be
a s s i g n e d  t o  g Q and  g ^ .  I n s p e c t i o n  o f  E q u a t i o n  26 w i l l  show t h a t  t h e
p o s s i b i l i t y  e x i s t s  t h a t  th e  y 2 t e rm  i n  t h e  PID c o n t r o l  law w i l l  p r e -
v e n t  e x a c t  l i n e a r  d e p en d e n c y  among t h e  v e c t o r s  o f  t h e  X . .  However,
K“ 1
i t  i s  s u g g e s t e d  in  t h i s  c a s e  t h a t  t h e  l i n e a r  d e p en d e n c e  w i l l  s t i l l  be
Tc o n s i d e r a b l e  - t h ough  n o t  e x a c t  -  so  t h a t  t h e  X m a t r i x  w i l l  be i l l -  
c o n d i t i o n e d  a t  b e s t .  For r e a s o n s  t o  be  g i v e n  s h o r t l y ,  i t  was n o t  p o s ­
s i b l e  t o  c o n f i r m  t h i s  e x p e r i m e n t a l l y ,
A l i t t l e  r e f l e c t i o n  w i l l  r e v e a l  t h a t  t h e  s i t u a t i o n  c a n n o t  be  im­
p ro v e d  i f  a n  I n c r e a s e  i n  t h e  o r d e r  o f  th e  model i s  made o r  s h o u l d  t h e  
m o d i f i e d  z - t r a n s f o r m  o f  t h e  s e c o n d - o r d e r  p r o c e s s  be  u t i l i z e d .  With  
e i t h e r  o p t i o n ,  t h e  PID c o n t r o l l e r  w i l l  r e s u l t  i n  e x a c t  m u l t l c o l l i n e a r i t y
by t h e  a d d i t i o n  o f  y , i  -  2 , 3 ..........  t e r m s  t o  t h e  m o d e l .  On t h e  o t h e r
Th a n d ,  t h e  p o s s i b i l i t y  does  e x i s t  f o r  a  l i n e a r  i n d e p e n d e n t  X m a t r i x
by th e  u se  o f  a f i r s t - o r d e r  model and  e i t h e r  a PI o r  PID c o n t r o l l e r  ( 2 ) .  
T h i s  s i t u a t i o n  i s  s ee n  t o  p r o v i d e  more p ro m ise  t h a n  t h a t  t o  be f o r e s e e n  
by u t i l i z a t i o n  o f  t h e  s e c o n d - o r d e r  m o d e l .  In  t h e  c a s e  o f  t h e  f o r m e r ,  
i t  i s  t h o u g h t  t h a t  t h e  a d d i t i o n  o f  i n t e g r a l  a n d / o r  d e r i v a t i v e  a c t i o n  
would  be a s t r o n g e r  d e t e r r e n t  t o  l i n e a r  dep en d en cy  t h a n  t h e  s i m p l e  a d d i ­
t i o n  o f  d e r i v a t i v e  a c t i o n  i n  t h e  c a s e  o f  t h e  s e c o n d - o r d e r  m ode l .
A l t h o u g h ,  t h i s  d i s c u s s i o n  I s  u n u s u a l l y  I n t e r e s t i n g  and  none  t h e  
l e s s  s i g n i f i c a n t ,  i t  i s  p u r e l y  aca d e m ic  b e c a u s e  o f  t h e  a s s u m p t i o n  s t a t e d  
i m m e d i a t e l y  a f t e r  E q u a t i o n  25 .  The a s s u m p t i o n  was made t h a t  t h e  s y s t e m  
u n d e r  i n v e s t i g a t i o n  was i n  a  s t a t e  o f  dynamic  ch an g e  and  i t  o u s t  c e r ­
t a i n l y  be a g r e e d  t h a t  t h i s  i s  n e c e s s a r y  f o r  i d e n t i f i c a t i o n .  However,  
t h e  s i m u l t a n e o u s  s e t  r e p r e s e n t e d  i n  E q u a t i o n  10 c o n t a i n s  no  v e h i c l e  by 
which i t  c an  be f o r c e d ,  i . e . ,  t h e  s y s te m  h a s  no  i n d e p e n d e n t  v a r i a b l e .
The p r e d e t e r m i n e d  v a r i a b l e s  o f  E q u a t i o n  11 c a n n o t  be  u sed  a s  e x o g ­
enous  v a r i a b l e s  i n  t h e  p r a c t i c a l  c a s e  f o r  t h e  f o l l o w i n g  r e a s o n .  In  
o r d e r  t o  o b t a i n  E q u a t i o n  11 ,  i t  was n e c e s s a r y  t o  assume t h a t  t h e  d i s ­
t u r b a n c e  w^ i s  s e r i a l  u n c o r r e l a t e d .  C l e a r l y  t h i s  i s  a n  u n f r u i t f u l  s i t u ­
a t i o n ,  f o r  i f  t h e  s y s t e m  i s  d r i v e n  o n ly  by random d i s t u r b a n c e s ,  t h e n  
t h e  n o i s e  and  s i g n a l  a r e  n e c e s s a r i l y  o f  t h e  same o r d e r  o f  m a g n i tu d e  a n d ,  
a s  was p o i n t e d  o u t  i n  t h e  l a s t  c h a p t e r ,  i t  i s  n o t  c o m p u t a t i o n a l l y  p o s ­
s i b l e  t o  e s t i m a t e  model p a r a m e t e r s  i f  t h e  e x p l a n a t o r y  v a r i a b l e s  do  n o t  
p l a y  t h e  m a j o r  r o l e  i n  " e x p l a i n i n g "  t h e  b e h a v i o r  o f  t h e  s y s t e m ' s  o u t p u t .
A s s u r a n c e  o f  L i n e a r  In d e p e n d e n c e
TIn  o r d e r  t o  e s t a b l i s h  l i n e a r  i n d e p e n d e n c e  o f  t h e  X m a t r i x ,  I tK™ i
i s  n e c e s s a r y  t o  r e t a i n  t h e  s e t - p o i n t  t e rm s  t h a t  were  e a r l i e r  d ro p p e d  
from t h e  c o n t r o l  a l g o r i t h m  g i v e n  in  E q u a t i o n  7.  T h i s  t im e  t h e  " v e l o c i t y "  
form o f  t h e  t h r e e  c o n t r o l l e r s  a r e  e x p l i c i t l y  e x p r e s s e d  a s
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I t  i s  a t  once  e v i d e n t ,  upon c o n d i t i o n ,  t h a t  t h e  p r e s e n c e  o f  t h e  s e t
p o i n t  t e r m s  i n  e a c h  o f  t h e  c o n t r o l  a l g o r i t h m s  w i l l  make i t  p o s s i b l e  f o r
Tt h e  v e c t o r s  o f  X ^ t o  be l i n e a r l y  I n d e p e n d e n t .  The c o n d i t i o n  i s  t h a t  
t h e  s e t - p o i n t  m us t  ch an g e  d u r i n g  t h e  o b s e r v a t i o n  p e r i o d .  A c o n s t a n t  
s e t - p o i n t  ( i . e . ,  ) w i l l  r e d u c e  to  t h e  l i n e a r  d e p e n d e n t  c a s e
d i s c u s s e d  a b o v e .  On t h e  o t h e r  h a n d ,  e x p e r i m e n t a l  r e s u l t s  s u g g e s t  t h a t  
r e a s o n a b l e  c h a n g e s  i n  t h e  s e t - p o i n t  were  shown t o  g i v e  c l o s e d - l o o p  e s t i ­
m a t i o n  r e s u l t s  c o m p a r a b le  t o  t h o s e  o b t a i n e d  by o p e n - l o o p  t e s t i n g .
C o m p u t a t i o n a l  R e s u l t s
The s e c o n d - o r d e r  p r o c e s s  d e s c r i b e d  i n  C h a p t e r  I I  was u sed  t o  i l l u s ­
t r a t e  c l o s e d - l o o p  i d e n t i f i c a t i o n .  The d i f f e r e n c e  e q u a t i o n  p a r a m e t e r s  
t o  be  i d e n t i f i e d  a r e :  
a t  -  .97441  
a 2 -  - . 2 2 3 1 3  
b j  = .15482  
b 2 -  .09390  
T = 1 .0
A d i g i t a l  PID a l g o r i t h m  was f i r s t  s e l e c t e d  f o r  t h e  c o n t r o l l e r .  The c o n ­
t r o l l e r  was t u n e d  t o  g i v e  a minimum i n t e g r a l  o f  t im e  m u l t i p l i e d  by t h e  
a b s o l u t e  v a l u e  o f  t h e  e r r o r  (ITAE) r e s p o n s e  t o  a s t e p  change  i n  t h e  s e t  
p o i n t  ( 3 ) .  The c o n t r o l l e r  p a r a m e t e r s  f o r  t h e  1 u n i t  s a m p l in g  i n t e r v a l
a r e :
K = 1 .776  c
T -  3 .4 0 0
T .  -  .3906 d
The s e t  p o i n t  f u n c t i o n  c o n s i s t e d  o f  a  s e r i e s  o f  s t e p  c h a n g e s  a s  






F i g u r e  3i  S q u a r e - w a v e  s e t  p o i n t  f u n c t i o n .
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number o f  s a m p l in g  i n s t a n t s .  F i g u r e  4 shows t h e  e f f e c t  o f  t h i s  pa ram ­
e t e r  on t h e  e s t i m a t i o n  e r r o r  f r a c t i o n  C f o r  c l o s e d - l o o p  IV i d e n t i f i c a ­
t i o n .  The s e r i e s  was run  w i t h o u t  d i s t u r b a n c e s .  N o t i c e  t h e  s t a i r - s t e p  
c h a r a c t e r  o f  t h e  c u r v e s  which  i s  a  r e s u l t  o f  t h e  im provem ent  o f  th e  
e s t i m a t e s  each  t im e  a  new s e t  p o i n t  change  i s  r e c e i v e d .
F i g u r e  5 i l l u s t r a t e s  t h e  e f f e c t  o f  m easu rem en t  n o i s e  on t h e  e s t i ­
m a t i o n  f o r  X = 10. The n o i s e  s u p p l i e d  i s  z e r o - m e a n ,  random, and  i t s  
m a g n i tu d e  i s  g i v e n  by t h e  n o i s e - t o - s i g n a 1 r a t i o ,  6 . The r e s u l t s  h e r e  
compare w i t h  t h e  r e s u l t s  o f  o p e n - l o o p  i d e n t i f i c a t i o n  i n  t h e  l a s t  c h a p t e r .
The dynamic  form o f  t h e  IV e s t i m a t o r  i s  d e m o n s t r a t e d  i n  F i g u r e s  
6 and 7. The a l g o r i t h m  was r e q u i r e d  t o  t r a c k  t h e  p a r a m e t e r  c h a n g e s  
which  o c c u r e d  when t h e  p r o c e s s  g a i n  was d o u b l e d  on t h e  5 0 0 th  sample  
i n s t a n t .  The s t a n d a r d  d e v i a t i o n  o f  t h e  n o i s e ,  a  , i s  e q u a l  t o  0 .0 2 5  
in  F i g u r e  6 and i s  e q u a l  t o  0 . 1  i n  F i g u r e  7.  Two v a l u e s  o f  t h e  lo w er  
bound e l e m e n t ,  d ,  a r e  g i v e n  i n  eac h  f i g u r e .  The d -  0 c u r v e  r e p r e s e n t s  
t h e  f i n i t e - t i m e  a v e r a g i n g  p r o c e s s .  A g a i n ,  t h e  r e s u l t s  a r e  e x c e l l e n t  
and  compare w i t h  t h e  r e s u l t s  o f  o p e n - l o o p  e s t i m a t i o n .
A d a p t i v e  C o n t r o l
The c u l m i n a t i o n  o f  t h i s  r e s e a r c h  on t h e  IV e s t i m a t i o n  a l g o r i t h m  
i s  f o r  i m p l e m e n t a t i o n  i n  an  a d a p t i v e  c o n t r o l  s t r a t e g y  a s  shown i n  F i g ­
u r e  8 . To i l l u s t r a t e  t h i s  c o n t r o l - l o o p  c o n f i g u r a t i o n ,  t h e  s e c o n d - o r d e r  
exam ple  was u s e d  f o r  t h e  unknown p r o c e s s  and  i t  was i d e n t i f i e d  u t i l i z ­
in g  t h e  s e c o n d - o r d e r  model a s  b e f o r e .  But i n  t h i s  I n s t a n c e ,  t h e  a d v a n ­
t a g e  o f  t h e  o n - l i n e  e s t i m a t o r ' s  a b i l i t y  t o  p r o v i d e  c u r r e n t  u p d a t e s  o f  
t h e  model p a r a m e t e r s  can  be r e a l i z e d  by i n c o r p o r a t i n g  a c o n t r o l  law 
which  u s e s  t h i s  i n f o r m a t i o n  t o  s e l e c t  l tB  own p a r a m e t e r s .  T h i s  p r o c e ­
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L01
u s e d  c o n t r o l  a l g o r i t h m s  o f  t h i s  t y p e  a r e  t h e  d e a d b e a t , D a h l i n ,  and  
Kalman a l g o r i t h m s  ( 3 ) .
For i l l u s t r a t i o n ,  t h e  D a h l l n  method was s e l e c t e d  and  f o r  t h e  c a s e
o f  a s e c o n d - o r d e r  model  w i t h  z e r o  d e a d - t i m e  t h e  c o n t r o l  law i s
" l  ^  "2 g + g z + g z
D(z) -  ----------- i - r -----------------------------------------------------------------------------(3 2 )
1 - h z - h 2z
u l t h  80  ■
*1  ■ “ b [  9
*2 * 4 ^  *
h -  ‘
1 ‘
2  '  \
Ml t
w here  Q •  (1 -  e ) and  p i s  t h e  t im e  c o n s t a n t  o f  t h e  d e s i r e d  c l o s e d -
lo o p  s y s t e m  r e s p o n s e .  The c o n s t a n t  p i s  e f f e c t i v e l y  a t u n i n g  p a r a m e t e r
and  I s  s e l e c t e d  by t h e  d e s i g n e r .  When a s e c o n d - o r d e r  model i s  u t i l i z e d ,
t h e  D a h l ln  c o n t r o l  law y i e l d s  a PID c o n t r o l l e r .  For t h e  exam ple  p l a n t
w i t h  p = 2 and T * 1, t h e  c o r r e s p o n d i n g  PID p a r a m e t e r s  a r e ;
K = 1 .34227 c
T = 2 .12347
T , = 0 .42247  d
F i g u r e  9 i l l u s t r a t e s  t h e  dynamic IV e s t i m a t o r  p e r f o r m a n c e  i n  the  a d a p ­
t i v e  e n v i r o n m e n t  w i t h  t h e  D a h l ln  c o n t r o l  a l g o r i t h m  f o r  t h e  c a s e  w here  
t h e  p r o c e s s  g a i n  was d o u b l e d  a t  t h e  200 t h  sam ple  a n d  t h e  o u t p u t  was 
s u b j e c t  t o  m easu rem en t  n o i s e ,  * 0 . 0 2 5 .  As th e  e s t i m a t o r  i d e n t i f i e s  
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g a i n .  C l e a r l y ,  F i g u r e  9 I s  e v i d e n c e  enough  t h a t  t h e  IV e s t i m a t o r  l a  
m o s t  a p p r o p r i a t e  f o r  t h e  a d a p t i v e  c o n f i g u r a t i o n .
The p a r a m e t e r  e s t i m a t i o n  t e c h n i q u e  p r e s e n t e d  i n  t h e  l a s t  c h a p t e r  
h a s  been  e x t e n d e d  In  t h e  p r e s e n t  t o  t h e  c l o s e d - l o o p  c o n f i g u r a t i o n .  A 
g e n e r a l  d e v e lo p m e n t  h a s  b e e n  g i v e n  whereby d e t e r m i n a t i o n  can  be made 
o f  t h e  p o s s i b i l i t y  o f  i d e n t i f y i n g  a  s i n g l e - e q u a t i o n  from t h e  s i m u l t a n e ­
ous  s e t  i n  which  i t  i s  embedded.
The most i m p o r t a n t  c o n s i d e r a t i o n  p e r t a i n i n g  t o  s i n g l e - e q u a t i o n  
p a r a m e t e r  e s t i m a t i o n  d e a l t  w i t h  t h e  e x i s t e n c e  o f  a n  i n d e p e n d e n t  f o r c i n g  
f u n c t i o n  t h r o u g h  which  t h e  s y s t e m  c o u l d  be e x c i t e d .  The q u e s t i o n  o f  
u s i n g  p r e d e t e r m i n e d  v a r i a b l e s  ( i . e . ,  l a g g e d  v a l u e s  o f  t h e  I n p u t  and  
o u t p u t  v a r i a b l e s )  f o r  t h i s  p u r p o s e  was exam ined  and  i t  was shown t o  be 
I n f e a s i b l e  due t o  l i n e a r  d e p en d e n c e  o f  t h e  o b s e r v a t i o n  m a t r i x  and  t h e  
i n a b i l i t y  o f  e s t i m a t i n g  a  s y s te m  d r i v e n  o n ly  by random d i s t u r b a n c e s  on 
i t s  o u t p u t .  In o r d e r  t o  s o l v e  t h e  p r o b l e m , i t  was shown t h a t  a s e t  p o i n t  
v a r i a t i o n  c o u l d  a s s u r e  l i n e a r  i n d e p e n d e n c e  and  e x c i t e  t h e  s y s t e m  above  
t h e  l e v e l  o f  t h e  d i s t u r b a n c e s  so t h a t  e s t i m a t i o n  c o u l d  be p e r f o r m e d .
Under t h i s  c o n d i t i o n ,  t h e  c o m p u t a t i o n a l  r e s u l t s  show t h a t  c l o s e d - l o o p  
e s t i m a t i o n  i s  e q u a l l y  a s  good a s  o p e n - l o o p  e s t i m a t i o n .  T h i s  was f u r t h e r  
d e m o n s t r a t e d  by p r e s e n t i n g  c l o s e d - l o o p  r e s u l t s  o f  t h e  dynamic  IV a l g o r i t h m
F i n a l l y ,  t h e  o v e r a l l  o b j e c t i v e  o f  t h i s  work was r e a l i z e d  w i t h  t h e  
i m p l e m e n t a t i o n  o f  t h e  s e q u e n t i a l  IV e s t i m a t o r  i n t o  a n  a d a p t i v e  c o n t r o l  
c o n f i g u r a t i o n .  I t  r e m a i n s  t o  show t h a t  t h e  m ethod  w i l l  work  f u r  t h e  
n o n - l i n e a r  p r o c e s s .
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CHAPTER IV
AH APPLICATION OF THE SEQUENTIAL INSTRUMENTAL-VARIABLE 
ESTIMATOR TO A NON-LINEAR CHEMICAL REACTOR
I n t r o d u c t i o n
While  C h a p t e r s  I I  and I I I  have  d e a l t  w i t h  t h e  p e r f o r m a n c e  o f  t h e  
i n s t r u m e n t a l - v a r i a b l e  e s t i m a t o r  f o r  t h e  p r o c e s s  which  i s  c o n t a m i n a t e d  
w i t h  m easu rem en t  n o i s e  o r  has  t i m e - v a r l a b l e  p a r a m e t e r s ,  t h e  p r e s e n t  
c h a p t e r  w i l l  d e a l  s p e c i f i c a l l y  w i t h  an  a p p l i c a t i o n  o f  t h e  method t o  a 
n o n - l i n e a r  p r o c e s s .  I t  i s  i m p o r t a n t  t o  d e t e r m i n e  i f  t h e  IV e s t i m a t i o n  
a l g o r i t h m  can  a p p r o x i m a t e  n o n - l i n e a r  dynam ics  by s e q u e n t i a l l y  e s t i m a t ­
i n g  t h e  p a r a m e t e r s  o f  a s i m p l e  m o d e l .  Shou ld  t h i s  p r o c e d u r e  p ro v e  
s u c c e s s f u l ,  i t  would p r o v i d e  a  d e t e r m i n a t i o n  t o  be  made on t h e  c u r r e n t  
l i n e a r i z e d  c h a r a c t e r i s t i c s  o f  t h e  p l a n t .  T h i s  i n f o r m a t i o n  c o u l d  i n  
t u r n  be  u t i l i z e d  by an  a d a p t i v e  c o n t r o l l e r  t o  a s s u r e  t h a t  t h e  p l a n t -  
c o n t r o l l e r  s y s t e m  i s  f u n c t i o n i n g  i n  some " b e s t "  s e n s e  r e g a r d l e s s  o f  t h e  
n o n - l i n e a r i t i e s  o f  t h e  p l a n t .
In  t h i s  c h a p t e r ,  a  J a c k e t e d ,  backmix  c h e m i c a l  r e a c t o r  i s  a d a p t e d  
f o r  u s e  from a n  exam ple  p r e s e n t e d  by Chiu  ( 1 ) .  The B t a t i c  form o f  t h e  
IV e s t i m a t i o n  a l g o r i t h m  i s  a p p l i e d  t o  t h e  r e a c t o r  i n  o r d e r  t o  d e t e r m i n e  
t h e  p a r a m e t e r s  o f  a  s e c o n d - o r d e r  m o d e l .  R e s u l t s  a r e  p r e s e n t e d  f o r  b o th  
t h e  o pen -  and  c l o s e d - l o o p  c o n f i g u r a t i o n s .
A W a t e r - c o o l e d  C hem ica l  R e a c t o r
C o n s i d e r  th e  s t i r r e d - t a n k  c h e m i c a l  r e a c t o r  o f  F i g u r e  1. The c o n ­
t e n t s  o f  t h e  r e a c t o r  a r e  assum ed  t o  be p e r f e c t l y  m ix e d ,  and  t h e  r e a c t i o n
105
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C o n t r o l  l o r
S o t  '  
P o i n t
Ao
FC
F r o d u c t
C
F i g u r e  I t  The w a t e r - c o o l e d  c h e m i c a l  r e a c t o r .
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c a k i n g  p l a c e  l a
A + A -* P r o d u c t s  
The r e a c t i o n  i s  o c c u r r i n g  a t  t h e  r a t e
- a ______
(T + 460 )
R -  k e C. ( 1 )A o A v '
w here  ” l b s  o f  A d e c o m p o s in g  p e r  min p e r  c u b i c  f o o t  o f  r e a c t i n g
m i x t u r e
3
k = A r r h e n i u s  r a t e  c o n s t a n t ,  f t  / l b - m i no
a  » A r r h e n i u s  t e m p e r a t u r e  c o n s t a n t ,  °R 
T = t e m p e r a t u r e  o f  t h e  r e a c t i n g  m i x t u r e ,  °FK
3
C = c o n c e n t r a t i o n  o f  A i n  t h e  r e a c t i n g  m i x t u r e ,  l b s / f tA
3
The r e a c t a n t s  e n t e r  t h e  r e a c t o r  a t  c o n c e n t r a t i o n  C^q( l b s / f t  ) ,  t e m p e r a ­
t u r e  To ( ° F )  and a t  t h e  r a t e  o f  F ( l b s / m i n ) .  The p r o d u c t s  a r e  removed a t
t h e  r a t e  F,  c o n c e n t r a t i o n  C, and t e m p e r a t u r e  T . The r e a c t o r  volume i sA R
3 3
V ( f t  ) and  t h e  r e a c t i n g  m i x t u r e  has  a  d e n s i t y  p ( l b s / f t  ) and s p e c i f i c
h e a t  C ( B t u / l b - ° F ) .
P
The r e a c t i o n  i s  e x o t h e r m i c  w i t h  AH Btu  o f  h e a t  b e i n g  g e n e r a t e d  f o r  
e a c h  lb  o f  A t h a t  r e a c t s .  Hence ,  i n  o r d e r  t o  c o n t r o l  t h e  r e a c t o r ,  c o o l ­
i n g  w a t e r  i s  s u p p l i e d  a t  t h e  v a r i a b l e  r a t e  W ^ f l b s / m i n )  and  t e m p e r a t u r e  
T ^ C F )  and  l e a v e s  t h e  j a c k e t  a t  t e m p e r a t u r e  ^ ( “F ) .  The h e a t  c a p a c i t y  
o f  t h e  w a l l  b e tw ee n  t h e  r e a c t o r  and  t h e  j a c k e t  i s  com bined  w i t h  t h a t
o f  t h e  w a t e r  i n  t h e  j a c k e t  and  i s  d e n o t e d  by M ( B t u / ° F ) .  The s p e c i f i cc
h e a t  o f  w a t e r  i s  t a k e n  t o  be  u n i t y  a n d  h e a t  l o s s e s  t o  t h e  s u r r o u n d i n g s  
a r e  n e g l i g i b l e .  The o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  b e tw e e n  t h e
2
r e a c t o r  c o n t e n t s  an d  t h e  j a c k e t  1b a ssum ed  c o n s t a n t  a t  U ( B t u / m l n - f t  - ° F ) ,
2
The h e a t  t r a n s f e r  a rea  o f  th e  j a c k e t  i s  A ( f t  ) .
108
The e q u a t i o n s  d e s c r i b i n g  t h i s  s y s t e m  a r e  d e r i v e d  by m aking  a n  
u n s t e a d y - s t a t e  mass  b a l a n c e  on r e a c t a n t  A, a n  e n e r g y  b a l a n c e  on t h e  
r e a c t i n g  m i x t u r e ,  and  an  e n e r g y  b a l a n c e  on t h e  J a c k e t .  The r e s u l t i n g  
e q u a t i o n s  a r e  g i v e n  i n  T a b l e  1 and  a  summary o f  t h e  s i m p l i f y i n g  a s su m p ­
t i o n s  a r e  l i s t e d  i n  T a b le  2 .  The s p e c i f i c  v a l u e s  f o r  t h e  p a r a m e t e r s  
and  i n i t i a l  s t e a d y - s t a t e  c o n d i t i o n s  a r e  g i v e n  i n  T a b le  3.
N o n - L i n e a r i t i e s
The p u r p o s e  f o r  s e l e c t i n g  t h e  J a c k e t e d  c h e m i c a l  r e a c t o r  f o r  s t u d y  
is b e c a u s e  i t  e x h i b i t s  s t r o n g  n o n - l i n e a r  b e h a v i o r .  The p r i m a r y  i n t e r e s t  
is t o  d e t e r m i n e  i f  t h e  IV e s t i m a t i o n  a l g o r i t h m  p r e s e n t e d  i n  C h a p t e r  II 
can  e s t i m a t e  t h e  p a r a m e t e r s  o f  a s e c o n d - o r d e r  model  o f  a  n o n - l i n e a r  
s y s t e m .  I t  i s  t h e r e f o r e  i m p o r t a n t  t o  look  b r i e f l y  a t  some o f  t h e  non -  
l i n e a r i t i e s  p r e s e n t  i n  t h e  e x a m p l e .
The o b j e c t i v e  i s  t o  d e r i v e  t h e  r e l a t i o n s h i p  b e tw e e n  t h e  c o o l i n g  
w a t e r  r a t e  W ( t h e  c o n t r o l  v a r i a b l e )  and  t h e  r e a c t o r  t e m p e r a t u r e  T
C K
( t h e  c o n t r o l l e d  v a r i a b l e ) .  The e a s i e s t  way t o  o b s e r v e  n o n - l i n e a r  b e ­
h a v i o r  i s  t o  I n s p e c t  t h e  p r o c e s s  r e a c t i o n  c u r v e s  f o r  s e v e r a l  s i z e  s t e p  
c h a n g e s  i n  t h e  w a t e r  r a t e  F i g u r e  2 showB t h e s e  s t e p  r e s p o n s e s  f o r
AŴ  o f  - 1 0 0 ,  - 2 0 0 ,  and -3 0 0  l b s / m i n .  The p r o c e s s  g a i n s  a r e  o b s e r v e d  
to  be - 0 . 0 1 2 8 ,  - 0 . 0 1 4 0 ,  and  - 0 . 0 1 5 3  " F - m i n / l b ,  r e s p e c t i v e l y .  The c o r ­
r e s p o n d i n g  s t e p  r e s p o n s e s  f o r  A v a l u e s  o f  100,  200 , and  300 l b s / m i n  
a r e  shown i n  F i g u r e  3 .  F i r s t ,  n o t i c e  t h a t  t h e  r e s p o n s e  from a s t e p  up 
i n  c o o l i n g  w a t e r  r a t e  i s  c o n s i d e r a b l y  d i f f e r e n t  from t h e  c o r r e s p o n d i n g  
s t e p  down. The r e s p e c t i v e  g a i n s  f rom  F i g u r e  3 a r e  - 0 . 0 1 1 3 ,  - 0 . 0 1 0 6 ,  
and  - 0 . 0 1 0 0  ° F - m i n / l b .  As e x p e c t e d ,  t h e  m os t  n o n - l i n e a r  b e h a v i o r  i s  
e x h i b i t e d  by t h e  l a r g e r  s t e p  r e s p o n s e s .  T h a t  i s ,  t h e  d i f f e r e n c e  i n  
g a i n  b e tw ee n  th e  up and  down s t e p s  o f  i s  0 .0 0 5 3  ° F - m i n / l b  f o r  |AW£ |
Table 1
P r o c e s s  E q u a t i o n s
Mass B a l a n c e  on R e a c t a n t  A
c * = £  (C* -  C. ) - kC. 2 d t  A V Ao A A
(Tr + 460)
k eo
Energy  B a l a n c e  on R e a c t i n g  M i x t u r e
t  m Z t r  t  \  1 *  / T  T  v ,
d t  R V tT o R pVC R V  pC
P P
Energy B a la n c e  on  C o o l i n g  W ate r
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T a b le  2 
Sumnary o f  A ss u m p t io n s
Mass B a lan c e  on R e a c t a n t  A
1. The f e e d  and  p r o d u c t  r a t e s  a r e  e q u a l  and  c o n s t a n t .
2.  The d e n s i t y  p o f  t h e  r e a c t i n g  m i x t u r e  I s  c o n s t a n t .
3 .  The c o n t e n t s  o f  t h e  r e a c t o r  a r e  p e r f e c t l y  mixed  s o  t h a t  t h e  
c o n c e n t r a t i o n  o f  t h e  r e a c t o r  c o n t e n t s  and  p r o d u c t  a r e  t h e  same.
Energy B a l a n c e  on R e a c t i n g  M ix tu r e
1. The s p e c i f i c  h e a t  o f  t h e  r e a c t i n g  m i x t u r e  i s  c o n s t a n t .
2 .  The h e a t  o f  r e a c t i o n  AH i s  c o n s t a n t .
3 .  The c o n t e n t s  o f  t h e  r e a c t o r  a r e  p e r f e c t l y  mixed  so t h a t  t h e  
t e m p e r a t u r e  o f  t h e  r e a c t o r  c o n t e n t s  and  p r o d u c t  a t  t h e  same.
Energy B a lan c e  on C o o l in g  W ate r
1. The h e a t  l o s s  t o  t h e  s u r r o u n d i n g s  i s  n e g l i g i b l e .
2.  The c o n t e n t s  o f  t h e  r e a c t o r  a r e  p e r f e c t l y  mixed  so  t h a t  t h e  
r e a c t o r  t e m p e r a t u r e  i s  u n i f o r m .
3 .  The h o ld u p  r e a c t o r  volume i s  c o n s t a n t .
U. The o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  b e tw ee n  t h e  r e a c t o r
c o n t e n t s  and  t h e  J a c k e t  i s  c o n s t a n t .
5 .  The s p e c i f i c  h e a t  C o f  t h e  r e a c t i n g  m i x t u r e  i s  c o n s t a n t .
I l l
T a b le  3
I n i t i a l  C o n d i t i o n s  and  Sys tem  P a r a m e t e r s
I n i t i a l  C o n d i t i o n s
C K -  3 .6  l b s / f t 3A
T =* 190° F R
T « 120°?  c
System P a r a m e t e r s
CAo 9 l b s / f t Wc - 1074 l b s / m i n
F - 16 .7  f t 3/m in Tw - 80 “F
AH - 870 B t u / l b C
P
- 0 . 9  B t u / l b - ° F
V - 250 f t 3 UA, - 600 B t u / m i n - “ F
To - 150°F a - 2560“ R
P - 60 l b s / f t 3 k o - 1 .4 3  f t 3 / l b - m i n










F ig u r e  2j P r o c e s s  r e a c t i o n  c u r v e s  f o r  s t e p  down In c o o l i n g








F ifiure  3 i  P r o c e s s  r e a c t i o n  c u r v e s  f o r  s t e p  up In c o o l i n g  
w ater  r a t e  W ^ l b s / a i n ) .
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-  300 l b s / m i n .  These  t e s t s  were  c o n d u c t e d  from a  s t e a d y - s t a t e  r e f e r e n c e  
o f  T ■ 1 9 0 ° F. F i g u r e  4 shows t h e  e f f e c t  o f  c h a n g i n g  t h e  r e f e r e n c e  t o  
T * 1 8 7 ° F f o r  a c o o l i n g - w a t e r  r a t e  change  o f  AW * - 3 0 0 .  The p r o c e s s
K C
g a i n  I s  now - 0 . 0 0 9 8 6 " F - m l n / l b  compared  t o  t h e  - 0 . 0 1 5 3  o b t a i n e d  a t  t h e
Tr = 1 9 0 ° F l e v e l .
S e c o n d - O r d e r  Model
The s e c o n d - o r d e r  d i f f e r e n c e  e q u a t i o n  model  t o  be u s e d  t o  r e p r e s e n t  
t h e  dynamic  r e l a t i o n s h i p  o f  t h e  r e a c t o r  i s  e x p r e s s e d  a s
TR , t  = a i TR , t - l  + a 2TR , t - 2  + b l Wc , t - M - l  + b 2Wc , t - M - 2  + C t 5 )
As b e f o r e ,  t h e  c o e f f i c i e n t s  a ^ ,  a ^ ,  b ^ ,  and  a r e  t h e  model p a r a m e t e r s
t o  be d e t e r m i n e d  and  M i s  t h e  p r o c e s s  dead  t i m e .  The new v a r i a b l e  C 
i s  a c o n s t a n t  t e r m  w hich  i s  i n c l u d e d  i n  E q u a t i o n  5 t o  r e p r e s e n t  t h e
i n t e r c e p t  which  i s  i n  g e n e r a l  n o n - z e r o .  At s t e a d y  s t a t e  E q u a t i o n  5 may
be w r i t t e n
■ Vr + Vr + Vc + V c  + c <b>
w here  t h e  b a r  i n d i c a t e s  t h e  s t e a d y - s t a t e  v a l u e s  o f  T and W . S u b t r a c -R c
t i o n  o f  E q u a t i o n  6 from 5 and  s u b s t i t u t i o n  o f  t h e  n u m e r i c a l  s t e a d y - s t a t e  
v a l u e s  y i e l d s
(TR , t  * 190> ‘  W t - l  '  190) + “ 2( T R , t - 2 - 190>
+ V Wc,t-M-l ’ l074> + b2<Wc , t-M-2 - 1074) (7)
o r  more  s im p ly
y t  '  V t -1  + * 2y t - 2  + b l u t - M - l  + b 2u t -M - 2  + C ( 8 >
where  y and  u^ a r e  t h e  d e v i a t i o n  v a r i a b l e s  f o r  t h e  o u t p u t  and  i n p u t  
v a r i a b l e s  r e s p e c t i v e l y  and  C i s  an  i n t e r c e p t  o r  b i a s  t e rm  which  i s  r e i n ­








Time,  K l n u t e s
F i g u r e  9 i P r o c e s s  r e a c t i o n  c u r v e  from a  r e f e r e n c e  o f  
Tr -  187 °T .
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I n p u t  o r  d i s t u r b a n c e  f u n c t i o n .  In  g e n e r a l ,  b e s t  r e s u l t s  a r e  o b t a i n e d  
when c i s  s m a l l .
S i n c e  t h e  s e c o n d - o r d e r  model  I s  s e l e c t e d  t o  be u s e d  a s  an  e m p i r i ­
c a l  r e p r e s e n t a t i o n  o f  t h e  r e a c t o r ,  t h e  o n l y  o t h e r  a  p r i o r i  i n f o r m a t i o n  
n e c e s s a r y  i s  th e  s y s t e m  d e ad  t im e  M. From F i g u r e s  2 and  3 i t  c an  be 
s e e n  t h a t  a s u i t a b l e  c h o i c e  o f  M w ould  be  1 m i n u t e .  I f  M i s  c o n s t r a i n e d  
t o  be a n  i n t e g r a l  m u l t i p l e  o f  t h e  sam ple  i n t e r v a l ,  t h e n  t h e  l a r g e s t  
p o s s i b l e  c h o i c e  f o r  t h e  s a m p l i n g  i n t e r v a l  would be  1 m i n u t e .  N o t e ,  
t h a t  f o r  r e a s o n s  g i v e n  i n  C h a p t e r  I I ,  i t  i s  i m p o r t a n t  f o r  e s t i m a t i o n  
t h a t  t h e  s a m p l i n g  i n t e r v a l ,  T,  n o t  be t o o  s m a l l .  I f  t h e  s a m p l i n g  i n t e r ­
v a l  I s  c h o s e n  t o  be l a r g e r  t h a n  1 m i n u t e ,  i t  w i l l  t h e n  be n e c e s s a r y  to  
i g n o r e  t h e  dead  t im e  and  use  M * 0.  H ence ,  i t  t h e r e f o r e  seems r e a s o n ­
a b l e  t o  u s e  T * M * 1 from i n s p e c t i o n  o f  t h e  p r o c e s s  r e a c t i o n  c u r v e .
P e r f o r m a n c e  C r i t e r i o n
For  t h e  d e t e r m i n i s t i c  s e c o n d - o r d e r  exam ple  u t i l i z e d  i n  t h e  p r e v i o u s  
c h a p t e r s ,  i t  was c o n v e n i e n t  t o  b a s e  t h e  e s t i m a t o r  p e r f o r m a n c e  on t h e  
t r u e  p a r a m e t e r  v a l u e s  o f  t h e  p r o c e s s .  T h i s  was p o s s i b l e  b e c a u s e  t h e  
model f i t  t h e  p r o c e s s  e x a c t l y .  However,  i n  t h e  p r e s e n t  c o n c e r n ,  t h e r e  
e x i s t s  no " t r u e "  p a r a m e t e r  v a l u e s  upon which t o  b a s e  an  o n - l i n e  p e r f o r ­
mance c r i t e r i o n .  The o n ly  o n - l i n e  a l t e r n a t i v e  i s  t o  u se  t h e  e r r o r  b e ­
tween  t h e  p l a n t  o u t p u t  and  t h e  o u t p u t  o f  t h e  a u x i l i a r y  model u s e d  in  
t h e  p a r a m e t e r  e s t i m a t i o n ,  b u t  t h i s  c r i t e r i o n  b r e a k s  down f o r  two r e a s o n s .  
F i r s t ,  t h e  m a g n i tu d e  o f  t h e  e r r o r  would  d ep en d  on t h e  a m p l i t u d e  o f  t h e  
o u t p u t  d e v i a t i o n s  a n d ,  s e c o n d l y ,  t h e  a u x i l i a r y  model i s  " f r e e - r u n n i n g "  
so t h a t  i t  u s u a l l y  t a k e s  some t im e  f o r  p o o r  I n i t i a l i z a t i o n s  t o  d i s a p p e a r .  
I t  t h e r e f o r e  becomes n e c e s s a r y  t o  j u d g e  t h e  e s t i m a t o r  p e r f o r m a n c e  o f f ­
l i n e .
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The p e r f o r m a n c e  c r i t e r i o n  p r o c e d u r e  a d o p t e d  I s  t o  compare  t h e  p r o ­
c e s s  r e a c t i o n  c u r v e  o f  t h e  r e a c t o r  w i t h  t h a t  com puted  from t h e  s e c o n d -  
o r d e r  model u s i n g  t h e  model p a r a m e t e r s  d e t e r m i n e d  a f t e r  a  f i x e d  sample  
p e r i o d .  The p r o c e s s  r e a c t i o n  c u r v e  s e l e c t e d  i s  a r b i t r a r i l y  c h o s e n  t o  be 
t h e  s t e p  r e s p o n s e  o f  t h e  model  t o  a n  i n p u t  ch an g e  o f  | |  ■ 300 l b s /  
min and  a r e f e r e n c e  r e a c t o r  t e m p e r a t u r e  o f  1 9 0 ° F. T h i s  s t e p  r e s p o n s e  
i s  t h e  most n o n - l i n e a r  o f  t h e  ones  shown i n  F i g u r e  2 .  The sample  p e r i o d
i s  t a k e n  to  be 230 m i n u t e s .
The i n p u t  t e s t  s i g n a l  ha s  a p r o f o u n d  i n f l u e n c e  upon t h e  p e r f o r m a n c e  
c r i t e r i o n ,  so  i t  i s  r e l e v a n t  t o  d i s c u s s  t h e  f o r c i n g  f u n c t i o n  i n  t h i s  
s e c t i o n .  A s q u a r e - w a v e  t e s t  s i g n a l  i s  u t i l i z e d  and  t h e  form f o r  open-  
loop  e s t i m a t i o n  i s  shown in  F i g u r e  5 .  The a m p l i t u d e  o f  t h e  wave i s  X 
l b s / m i n  and  X i s  t h e  s w i t c h i n g  i n t e r v a l  i n  m u l t i p l e s  o f  t h e  sample  i n t e r ­
v a l ,  T. I t  i s  i n t e r e s t i n g  t o  p o i n t  o u t  t h a t  a t e s t  s i g n a l  must  make 
n e g a t i v e  s t e p  c h a n g e s  a s  w e l l  a s  p o s i t i v e  c h a n g e s .  S i n c e  t h e  r e a c t o r ' s  
s t e p  r e s p o n s e  c h a n g e s  w i t h  d i r e c t i o n ,  t h e  e s t i m a t i o n  a l g o r i t h m  w i l l  
a t t e m p t  t o  f i t  a  s e c o n d - o r d e r  model b e tw een  t h e  u p - s t e p  and  t h e  down.
T h i s  I s  t o  be  s e e n  more c l e a r l y  i n  F i g u r e  6 where  b o t h  t h e  s t e p - u p  ( i n
t e m p e r a t u r e )  r e s p o n s e  t o  a = - 3 0 0  l b s / m i n  c h a n g e  in  i n p u t  and  a
s t e p - d o w n  r e s p o n s e  t o  a  AŴ  ■ 300 l b s / m i n  ch an g e  a r e  p l o t t e d  i n  t h e  a b ­
s o l u t e  v a l u e  o f  t h e  d e v i a t i o n  v a r i a b l e  y ^ .  By u s i n g  t h e  a b s o l u t e  v a l u e ,  
t h e  s t e p - d o w n  r e s p o n s e  a p p e a r s  f o l d e d  o v e r  on th e  t im e  a x i s .  The e s t i ­
m a t i o n  a l g o r i t h m  w i l l  be a v e r a g i n g  t h e s e  two r e s p o n s e s  so t h a t  t h e  model 
s t e p  r e s p o n s e  w i l l  be  e x p e c t e d  t o  l i e  w i t h i n  t h e  e n v e l o p e  c r e a t e d  by 
t h e  c u r v e s  i n  F i g u r e  6 . In  a d d i t i o n ,  F i g u r e  6 a l s o  shows t h e  r e s p o n s e  
o f  t h e  a n a l y t i c a l l y  l i n e a r i z e d  r e a c t o r  v i a  t h e  J a c o b i a n  M a t r i x .  The 
l i n e a r i z e d  t r a n s f e r  f u n c t i o n  i s
l i e
Am plitude* lb s /m in
t ,  M inutes
2 \  3X  ̂ X
Figure rj i Square-wave forcing function.
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S t e p - u p  Tem per*ture R esponse
L in e a r iz e d  R ea cto r
tep-down Response
0 100
Time,  H l n u t e a
F ig u r e  6 i P r o c e s s  r e a c t i o n  cu rv e  e n v e lo p e .
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Wc ( s )  “ ( 1 0 . 8 0 s  + 1 ) ( A .1 1 4 s  + 1 ) ( 3 . 4 8 8 s  +  1) ( 9 )
Programming  P a r t i c u l a r s
The j a c k e t e d  c h e m i c a l  r e a c t o r  o f  E q u a t i o n s  2 -4  was s i m u l a t e d  d i g ­
i t a l l y  i n  a F o r t r a n  IV s u b r o u t i n e  ( s e e  A p p e n d ix  A ) .  The s t e p w i s e  E u l e r  
t e c h n i q u e  was u s e d  f o r  t h e  i n t e g r a t i o n  w i t h  a s t e p  s i z e  o f  0 .0 5  m i n u t e s .  
E q u a t i o n  8 was u s e d  a s  t h e  model  and  t h e  s t a t i c  i n s t r u m e n t a l - v a r i a b l e  
e s t i m a t o r  o f  C h a p t e r  I I  was im p le m e n te d .  In e a c h  s t u d y ,  th e  i n i t i a l
e s t i m a t e s  o f  t h e  p a r a m e t e r s  w e re  t a k e n  t o  be z e r o  and  t h e  i n i t i a l  d i a g ­
o n a l  o f  t h e  w e i g h t i n g  m a t r i x  was 100 .
Open-Loop E s t i m a t i o n
O p e n - lo o p  t e s t s  were  u n d e r t a k e n  i n  o r d e r  t o  d e t e r m i n e  t h e  p e r f o r ­
mance o f  t h e  s e q u e n t i a l  IV e s t i m a t o r  f o r  d e t e r m i n i n g  t h e  s e c o n d - o r d e r  
model o f  t h e  c h e m i c a l  r e a c t o r .  The m a j o r  f a c t o r  found t o  i n f l u e n c e  
e s t i m a t o r  p e r f o r m a n c e  was t h e  i n p u t  s w i t c h i n g  i n t e r v a l ,  X. S e v e r a l  
model s t e p  r e s p o n s e s  f o r  s e l e c t e d  s w i t c h i n g  i n t e r v a l s  a r e  shown in  
F i g u r e  7 .  In g e n e r a l ,  t h e  l a r g e r  t h e  s w i t c h i n g  i n t e r v a l  u s e d ,  t h e  
b e t t e r  t h e  e s t i m a t i o n .  The c u r v e  f o r  X -  50 i s  j u d g e d  t o  be c l o s e  t o  
t h e  c o r r e c t  r e s p o n s e  s i n c e  i t  l i e s  n e a r  t h e  c e n t e r  o f  t h e  r e s p o n s e
e n v e l o p e .  The lo w e r  c u r v e  o f  t h e  e n v e l o p e  and  t h e  X * 20 r e s p o n s e  c u r v e
n e a r l y  o v e r l a p .  The r e s p o n s e  f o r  X -  10 i s  s e e n  t o  be o f  t h e  c o r r e c t
form b u t ,  l i k e  t h e  X = 20 c u r v e ,  t h e  s t e a d y  s t a t e  g a i n  i s  u n d e r e s t i m a t e d .
I t  i s  s u g g e s t e d  t h a t ,  s i n c e  t h e  f o r c i n g  f u n c t i o n  i s  p e r i o d i c  and t h e  
r e a c t o r  i s  known t o  be  a l o w - p a s s  f i l t e r ,  t h e  l o n g e r  s w i t c h i n g  I n t e r v a l s  
a r e  p r e f e r r e d  f o r  more low f r e q u e n c y  c o n t e n t .  From F i g u r e  2 ,  an  a p p r o x i ­
mate  f i r s t - o r d e r  t im e  c o n s t a n t  would  be i n  t h e  n e i g h b o r h o o d  o f  18 min-
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100 l b s / a t
n
100o
Time, M in u te s
F ig u r e  7 1 E f f e c t  o f  th e  s w i t c h in g  I n t e r v a l  o f  th e  sq u a re -
wave Inpu t on o p e n - lo o p  IV e s t i m a t i o n .
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u t e s .  T h i s  c o r r e s p o n d s  t o  a  c o r n e r  f r e q u e n c y  o f  1 /1 8  r a d i a n s  p e r  m in­
u t e  and  I s  much low er  t h a n  t h e  2JT/ 2 0  r a d i a n s  p e r  m i n u t e  o f  t h e  1 - 1 0  
s q u a r e - w a v e .
On t h e  o t h e r  h a n d ,  i t  i s  a p p a r e n t  from F i g u r e  8 t h a t  t h e  s i z e  o f  
t h e  i n p u t  a m p l i t u d e  h a s  l i t t l e  e f f e c t  on t h e  e s t i m a t i o n  p e r f o r m a n c e .
I t  i s  i n t e r e s t i n g  t o  examine  t h e  e x c e e d i n g l y  s m a l l  s p an  u t i l i z e d  on t h e  
o u t p u t  v a r i a b l e  u n d e r  t h e s e  l a b o r a t o r y  c o n d i t i o n s .  A l t h o u g h  t h e  a c t u a l  
s t e p  s i z e  i s  tw i c e  t h e  a m p l i t u d e  X, t h e  maximum d e v i a t i o n  from t h e  mean 
f o r  t h e  c a s e  w here  X = 5 l b s / m i n  i s  o b s e r v e d  from t h e  d a t a  t o  be  0 .0625  
"F and  th e  d i f f e r e n c e s  b e tw e e n  s u c c e s s i v e  y v a l u e s  i s  l e s s  t h a n  0 .0 0 5  
°F .  C l e a r l y ,  t h i s  p r e c i s i o n  i s  n o t  p o s s i b l e  i n  p r a c t i c e ,  b u t  i t  i s  
c o m f o r t i n g  t o  know t h a t  t h i s  i s  n o t  a l i m i t a t i o n  o f  t h e  e s t i m a t o r .
C lo se d -L o o p  E s t i m a t i o n
C l o s e d - l o o p  e s t i m a t i o n  s t u d i e s  were  p e r f o r m e d  f o r  t h e  s i m p l e  f e e d ­
b a ck  c o n t r o l  lo o p  w i t h  a PID c o n t r o l l e r  and  f o r  t h e  a d a p t i v e  c o n t r o l  
c o n f i g u r a t i o n  e m p lo y in g  a  D a h l i n  s y n t h e s i s  c o n t r o l l e r .  No p ro b le m s  were  
e x p e r i e n c e d  In  e i t h e r  i m p l e m e n t a t i o n ,  b u t  s i n c e  i t  i s  n e c e s s a r y  t o  g i v e  
t h e  D a h l in  c o n t r o l l e r  r e a s o n a b l e  f i r s t  e s t i m a t e s  o f  t h e  p a r a m e t e r s ,  
o n ly  t h e  n o n - a d a p t i v e  r e s u l t s  a r e  p r e s e n t e d .
The r e a c t o r  in  t h e  c l o s e d - l o o p  c o n f i g u r a t i o n  was f o r c e d  w i t h  a 
s q u a r e - w a v e  t e s t  s i g n a l  s i m i l a r  t o  t h e  o p e n - l o o p  f o r c i n g  f u n c t i o n  o f  
F i g u r e  5.  In  t h i s  c a s e  t h e  a m p l i t u d e  becomes th e  d e v i a t i o n  o f  t h e  s e t  
p o i n t  which  i s  a s s i g n e d  t o  t h e  v a r i a b l e  R.
The e f f e c t  o f  t h e  s e t  p o i n t  s w i t c h i n g  i n t e r v a l ,  X, i s  shown i n  
F i g u r e  9 .  As i n  t h e  c a s e  o f  t h e  o p e n - l o o p  s t u d i e s ,  t h e  c o n c l u s i o n  i s  
t h a t  t h e  e s t i m a t i o n  a l g o r i t h m  p r e f e r s  t h e  low f r e q u e n c y  f o r c i n g  f u n c t i o n .
The t e s t s  i n  F i g u r e  9 w ere  c o n d u c t e d  u s i n g  a s e t  p o i n t  a m p l i t u d e  o f
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T i m e ,  M i n u t e s
F ig u r e  Ci E f f e c t  o f  th e  In p u t a m p l l t u l e  o f  the square  -
Mftve In p u t  on o p e n - lo o p  e s t i m a t i o n .
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0 t o o
Time, r l n u t e s
F ig u r e  9 i  E f f e c t  o f  th e  s e t  p o in t  s w i t c h in g  i n t e r v a l  on
c l o s e d - l o o p  IV e s t i m a t i o n .
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R -  2*F. F i g u r e  10 i l l u s t r a t e s  t h e  e f f e c t  o f  t h e  s e t  p o i n t  a m p l i t u d e
on t h e  e s t i m a t i o n  p e r f o r m a n c e .  As shown, t h e  s t r e n g t h  o f  t h e  i n p u t
s i g n a l  i s  more i m p o r t a n t  f o r  c l o s e d - l o o p  e s t i m a t i o n  b u t  r e m a i n s  t o  be
v e r y  r e a s o n a b l e  i n  t h e  p r a c t i c a l  s e n s e .  I t  may be n o t i c e d  t h a t  t h e
e s t i m a t e d  r e s p o n s e  f o r  t h e  c l o s e d - l o o p  s y s t e m  In  F i g u r e  10 h a s  a  s m a l l e r
g a i n  t h a n  t h e  r e a c t i o n  c u r v e  f o r  t h e  o p e n - l o o p  model i n  F i g u r e  8 . The
r e a s o n  i s  t h a t  t h e  PID c o n t r o l l e r  b e h a v e s  d i f f e r e n t l y  d e p e n d i n g  upon
th e  d i r e c t i o n  o f  t h e  s e t  p o i n t  c h a n g e .  The c o n t r o l l e r  p a r a m e t e r s  were
o b t a i n e d  from Chiu ( 1 )  and  r e p r e s e n t  t h e  optimum ITAE t u n i n g  p a r a m e t e r s
f o r  a s e t  p o i n t  change  made from T = 190 t o  1 8 5 ° F w i t h  a  sam ple  t im e
K
o f  1 m i n u t e .  The p a r a m e t e r s  a r e
K = -8 9 0  l b s / m i n - 0 F c
T 1 = 27.1 min
T . = 1 .5  min d
S in c e  t h e  c o n t r o l l e r  " w e i g h t s "  t h e  a v e r a g i n g  p r o c e s s  o f  t h e  e s t i m a t i o n  
a l g o r i t h m ,  i t  i s  t h e r e f o r e  s e e n  t h a t  t h e  r e a c t o r  model w i l l  n o t  n e c e s ­
s a r i l y  f a l l  w i t h i n  t h e  c e n t e r  o f  t h e  r e a c t o r  e n v e l o p e .
A p e r i o d i c  I n p u t
I t  i s  o f  c o n s i d e r a b l e  i n t e r e s t  t o  i n v e s t i g a t e  t h e  u se  o f  an  a p e r i ­
o d i c  f o r c i n g  f u n c t i o n  f o r  t h e  c l o s e d - l o o p  c o n f i g u r a t i o n  b e c a u s e  i n  many 
c a s e s  s e t  p o i n t  c h a n g e s  do n o t  o c c u r  o f t e n  enough i n  t h e  c o u r s e  o f  
norm a l  p r o c e s s  o p e r a t i o n .  In  t h i s  r e g u l a t o r y  s i t u a t i o n ,  i t  i s  d e s i r a b l e  
t o  h o ld  p r o c e s s  u p s e t s  t o  a  minimum. At t h e  same t i m e ,  i t  m i s t  be 
r e a l i z e d  t h a t  t h e  p r o c e s s  m us t  be d r i v e n  enough t o  e x c i t e  a l l  n o d e s  o f  
t h e  s y s t e m .
The model  s t e p  r e s p o n s e s  p r e s e n t e d  i n  t h e  l a s t  s e v e r a l  s e c t i o n s  
were o b t a i n e d  u s i n g  p a r a m e t e r  e s t i m a t e s  a f t e r  t h e  2 50 th  s a m p l e .  T h i s
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T im e,  M in u te s
F ig u r e  10i E f f e c t  o f  th e  s e t  p o in t  a m p litu d e  on c lo s e d ~ lo u p
IV e s t i m a t i o n .
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p r o c e d u r e  was a r b i t r a r y  and  was done  f o r  c o m p a r a t i v e  p u r p o s e s .  However,  
a r e - e x a m i n a t i o n  o f  t h e  r e s u l t s  f o r  c a s e s  f o r  which  X was g r e a t e r  t h a n  50 
showed that ,  t h e  e s t i m a t e s  o b t a i n e d  a f t e r  t h e  s e c o n d  s w i t c h  i n t e r v a l  w ere  
e s s e n t i a l l y  t h e  same a s  t h o s e  e s t i m a t e s  computed  500 o r  1000 s am p les  
l a t e r .  T h i s  s u g g e s t s  t h a t  e s t i m a t i o n  c o u l d  be a c c o m p l i s h e d  by a s e r i e s  
of  two p u l s e s  a f t e r  which  t h e  s e t  p o i n t  i s  r e t u r n e d  t o  i t s  n o rm a l  l e v e l  
o f  o p e r a t i o n .  T h i s  s p e c i a l  t e s t  f u n c t i o n  i s  i l l u s t r a t e d  i n  F i g u r e  11.  
The p a r a m e t e r  t i m e - s e r i e s  e s t i m a t e  o f  b^ i s  i n c l u d e d  to  d e m o n s t r a t e  t h e  
s t a b i l i t y  o f  t h e  e s t i m a t i o n  a l g o r i t h m  a f t e r  t h e  i n p u t  e x c i t a t i o n  has  
c e a s e d .
Dynamic Estimation
For t h e  l i n e a r  exam ple  s t u d i e d  i n  C h a p t e r s  I I  a n d  I I I ,  i t  was shown 
t h e  dynamic  e s t i m a t o r  o f f e r e d  an  im proved  m e as u re  o f  f l e x i b i l i t y  by 
a l l o w i n g  t h e  e s t i m a t i o n  a l g o r i t h m  t o  t r a c k  p a r a m e t e r  v a r i a t i o n .  In  t h e  
c a s e  o f  t h e  n o n - l i n e a r  r e a c t o r ,  c a r e  m us t  be e x e r c i s e d  in  t h e  s e l e c t i o n  
o f  t h e  e l e m e n t s  o f  t h e  lo w e r  bound m a t r i x  D t o  i n s u r e  t h a t  t h e  d e s i r e d  
r e s u l t s  a r e  o b t a i n e d .  S p e c i f i c a l l y ,  by i n t r o d u c t i o n  o f  d e l e m e n t s ,  
t h e  memory o f  t h e  a l g o r i t h m  i s  s h o r t e n e d  a c c o r d i n g l y  and  t h e  e s t i m a t o r  
can  be made t o  t r a c k  e i t h e r  o f  t h e  p a r a m e t e r  s e t s  a s s o c i a t e d  w i t h  t h e  
two l i m i t s  o f  t h e  r e a c t o r  e n v e l o p e .  T h i s  t r a c k i n g  may be more d e s i r a b l e  
f o r  a p a r t i c u l a r  a p p l i c a t i o n  t h a n  t h e  a v e r a g e  r e s u l t  o b t a i n e d  w i t h  d * 0 . 
T h i s  p o i n t  i s  i l l u s t r a t e d  i n  F i g u r e s  12 and  13 f o r  t h e  PID c o n t r o l l e r  
and  i n  F i g u r e s  14 and  15 f o r  t h e  a d a p t i v e  s t r a t e g y  e m p lo y in g  t h e  D a h l in  
c o n t r o l  a l g o r i t h m .  T hese  d i a g r a m s  a l s o  show t h e  e f f e c t  o f  a  s t e p  d i s ­
t u r b a n c e  ad d ed  a t  t h e  200 th  sam ple  i n s t a n t .
F ig u r e  12 shows t h e  e f f e c t  o f  t h e  a p e r i o d i c  t e s t  i n p u t  on t h e  e s t i ­
m a t i o n  o f  p a r a m e t e r  which  i s  p r o p o r t i o n a l  t o  t h e  p r o c e s s  g a i n .  The
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Time,  M in u te s  
F i g u r e  13* C o n t r o l  a c t i o n  f o r  t h e  FID c o n t r o l l e r ,
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Tim e, H ln u tes
F ig u r e  15* C o n tr o l  a c t i o n  f o r  the a d a p t iv e  c o n f i g u r a t i o n  
em ploy ing  th e  D a h lin  c o n t r o l  law .
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i n i t i a l  p a r a m e t e r s  f o r  t h e s e  f i g u r e s  were o b t a i n e d  from t h e  r e s u l t s  o f  
t h e  e x p e r i m e n t  p e r f o r m e d  i n  F i g u r e  11* In  Che p r e s e n t  c a s e ,  a  was
c h o s e n  t o  be z e r o  which  I n d i c a t e s  t h a t  t h e  p a r a m e t e r s  a r e  known t o  be
a c c u r a t e .  For t h e  s t a t i c  e s t i m a t o r  ( I . e . ,  D * 0 )  or ■ 0 f r e e z e s  t h e
e s t i m a t e s  r e g a r d l e s s  o f  any  s y s t e m  I n p u t s  o r  d i s t u r b a n c e s .  However,
w i t h  n o n z e r o  e l e m e n t s  i n  D, t h e  a l g o r i t h m  i s  f r e e  t o  t r a c k  even  w i t h
at ** 0 .  The d i a g o n a l  e l e m e n t s  o f  D were  c h o s e n  t o  be t h e  c o r r e s p o n d i n g
f i n a l  v a l u e s  o f  t h e  w e i g h t i n g  m a t r i x  from t h e  e x p e r i m e n t  o f  F i g u r e  11.
F o l l o w i n g  t h e  a p e r i o d i c  i n p u t ,  t h e  s e t  p o i n t  i s  f i r s t  i n c r e a s e d  by 2°F
and  t h e  c o n t r o l l e r  r e s p o n d s  by r e d u c i n g  t h e  c o o l i n g  w a t e r  r a t e  u ^ . The
e s t i m a t o r  c o r r e c t l y  p r e d i c t s  t h a t  t h e  p r o c e s s  g a i n  has  i n c r e a s e d  and
t h i s  i s  r e f l e c t e d  by t h e  i n c r e a s e  i n  a b s o l u t e  v a l u e  o f  t h e  p a r a m e t e r
b ^ .  In o t h e r  w o r d s ,  t h e  e s t i m a t o r  was i n i t i a l i z e d  w i t h  t h e  ' ’a v e r a g e "
model and  c o r r e c t l y  t r a c k e d  t h e  u p p e r  l i m i t  o f  t h e  r e a c t o r  e n v e l o p e
from t h e  new i n f o r m a t i o n  r e c e i v e d .  The o t h e r  two s t e p s  o f  t h e  a p e r i o d i c
i n p u t  f o l l o w  t h e  same r e a s o n i n g .  The i n i t i a l  v a l u e s  o f  t h e  c o n t r o l l e r
s e t t i n g s  f o r  t h e  a d a p t i v e  and  t h e  n o n - a d a p t i v e  c o n t r o l l e r s  were  t h e  same.
These  v a l u e s  were o b t a i n e d  from t h e  D a h l in  c o n t r o l  law u s i n g  t h e  i n i t i a l
p a r a m e t e r  s e t .  These  s e t t i n g s  were
K -  - 6 3 2 . 6  l b s / m i n ~ ° F  c
T = 2 0 .9  min
T ,  = 1 .76  mind
The d e s i r e  t o  m a i n t a i n  a s t a b l e  e s t i m a t i o n  a l g o r i t h m  in  t h e  f a c e  
o f  l a r g e  and  a b r u p t  l o a d  c h a n g e s  i s  g e n e r a l l y  I n  o p p o s i t i o n  w i t h  t h e  
d e s i r e  t o  t r a c k  s y s te m  p a r a m e t e r s .  T h i s  s u b j e c t  i s  I n t r o d u c e d  h e r e  t o  
p o i n t  o u t  t h e  c o n s i d e r a t i o n  t h a t  must be  t a k e n  f o r  t h e  s e l e c t i o n  o f  t h e  
D m a t r i x .  At t h e  200 th  s a m p l e ,  t h e  f lo w  o f  r e a c t a n t s  t o  t h e  r e a c t o r
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was ch an g ed  from F *■ 16 ,7  t o  F ■ 1 5 .0  f t  / m i n .  F i g u r e s  12-15  i l l u s t r a t e  
t h i s  d i s t u r b a n c e  and  I t s  e f f e c t s  f o r  t h e  a d a p t i v e  and  t h e  n o n - a d a p t i v e  
B ys tem s .  A l t h o u g h  t h e  l o a d  d o e s  n o t  c a u s e  t h e  o u t p u t  t o  d e v i a t e  i n  a  
l a r g e  m e as u re  i n  F i g u r e s  12 and  14, F i g u r e s  13 and  14 show t h a t  t h e  
same amount o f  c o n t r o l  a c t i o n  i s  r e q u i r e d  t o  o f f s e t  t h e  l o a d  d i s t u r b a n c e  
a s  was r e q u i r e d  t o  c o m p e n s a te  f o r  t h e  ch an g e  in  s e t  p o i n t  o f  - 2 ° F .  The 
i m p o r t a n t  r e s u l t  o f  t h i s  e x p e r i m e n t  i s  t h a t  t h e  dynamic  e s t i m a t i o n  
a l g o r i t h m  re m a in s  s t a b l e  f o r  t h e  a d a p t i v e  c o n f i g u r a t i o n  even  w i t h  a b r u p t  
l o a d  c h a n g e s .  I t  i s  co n ce d e d  t h a t  much work r e m a in s  t o  be done i n  t h i s  
a r e a ,  b u t  a t  t h e  same t i m e ,  i t  i s  f e l t  t h a t  r e s u l t s  p r e s e n t e d  I n  t h i s  
d i s s e r t a t i o n  i n d i c a t e  t h a t  t h e  dynamic IV e s t i m a t i o n  a p p r o a c h  h o l d s  
c o n s i d e r a b l e  p r o m i s e .
Sumnary
T h i s  c h a p t e r  h a s  d e a l t  w i t h  t h e  a l l  i m p o r t a n t  f e a t u r e  o f  a n  o n - l i n e  
e s t i m a t i o n  method a p p l i e d  i n  t h e  p r o c e s s  i n d u s t r y  - t h a t  i t  be c a p a b l e  
o f  r e p r e s e n t i n g  n o n - l i n e a r  dynam ics  w i t h  l o w - o r d e r  l i n e a r  m o d e l s .  An 
a p p l i c a t i o n  t o  a  j a c k e t e d  c h e m i c a l  r e a c t o r  was p r e s e n t e d  w i t h  a d i s c u s ­
s i o n  on t h e  s p e c i f i c  n o n - l i n e a r  b e h a v i o r .  A c r i t e r i o n  was g i v e n  by 
which  t h e  p e r f o r m a n c e  o f  t h e  e s t i m a t i o n  a l g o r i t h m  c o u l d  be  ju d g e d  and  
d e m o n s t r a t i o n  was g i v e n  o f  t h a t  p e r f o r m a n c e  f o r  b o th  t h e  o pen -  and 
c l o s e d - l o o p  c o n f i g u r a t i o n s .  The o p e n - l o o p  e s t i m a t i o n  p e r f o r m a n c e  was 
s e e n  t o  be r e l a t i v e l y  i n d e p e n d e n t  o f  t h e  a m p l i t u d e  o f  t h e  f o r c i n g  f u n c ­
t i o n .  The c l o s e d - l o o p  p e r f o r m a n c e  was shown t o  be more  s e n s i t i v e  t o  
i n p u t  a m p l i t u d e ,  b u t  f o r  t h i s  exam ple  a p p l i c a t i o n ,  t h e  d i f f e r e n c e  was 
n o t  s i g n i f i c a n t .  F i n a l l y ,  e v i d e n c e  was g i v e n  t h a t  t h e  c l o s e d - l o o p  r e a c ­
t o r  s y s t e m  c o u l d  be e s t i m a t e d  by u se  o f  an  a p e r i o d i c  t e s t  p u l s e  u sed  t o  
m in im i z e  d i s t u r b a n c e  t o  t h e  s y s t e m .
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The contribution of this research Is not considered to be a result  
in i t s e l f ,  but a link, for much work remains. Ultimately, It must be 
demonstrated that the identif ication method studied here can be u t i l ized  
in an adaptive control strategy to e f fect ive ly  improve the control of 
an existing process. Further, this improvement must be suff ic ient  to 
cover the necessary Increased complexity and expense involved in the 
implementation. However, the importance of bridging the gap between 
the theorist and the practitioner can not be minimized. The abiding 
conclusion of this work is  that the evidence presented here indicates 
that i t  is  feasible to employ the adaptive control approach outlined 
in this dissertation to an existing physical control problem.
This work offers the major computational studies and conclusions 
necessary for implementation of the instruments1-variable estimation 
algorithm into a practical self-adaptive control system. The work here 
is  Intended to serve as a practical guide for the select ion of various 
"tuning" parameters of the estimation algorithm to include the selection  
o f  the sampling rate. It was shown that multicoll inearity within the 
regression matrix can cause estimator performance to deteriorate i f  
sampling is  too frequent. It was shown that the time constant ratio of 
an overdamped second-order process did not signif icantly  e ffect estima­
tion. Information was given for the selection of the in i t ia l  weighting 
matrix and the lower bound matrix for parameter tracking. This was 
generally referred to as memory shaping and represents an Important
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feature of the estimation algorithm i f  i t  is  used In an adaptive loop. 
The important e f fec ts  of measurement noise on estimator performance were 
exhaustively covered and should provide a valuable reference source for 
actual Implementation. The dead time was shown to present no d if f icu l ty  
to the method as long as i t  could be specified a priori and expressed 
as an integer multiple of the sample interval. This last d if f icu lty  
can be minimized since the designer is  re latively  free to choose the 
sample Interval. Finally, parallel results of the ordinary least-  
squares method were presented so that informative comparisons can be 
drawn about the IV approach relative to other presentations.
It was shown in Chapter III that an examination of assumptions 
necessary for closed-loop estimation provided some interesting conclu­
sions. Two considerations contributed to the judgement that a process 
could not be estimated with predetermined variables generated solely by 
random plant disturbances. The f ir s t  established that due to linear 
dependency within the closed-loop regression matrix the only possible 
mode 1-controller combinations were the second-order model and PID con­
tro l ler ,  the first-order model and PI controller,  and the first-order  
model and PID controller.  Doubt was expressed that the f ir s t  of these 
combinations would be practical.  Secondly and precluding the use of 
experiments to examine the f ir s t  d i f f ic u l ty ,  expression was made that 
it  is  not practically feasible to estimate the difference equation of 
a system driven only by i t s  random disturbances. Hence, In order to 
estimate the closed-loop process i t  wag shown that set-polnt variation 
i s  required. With the introduction of this truly independent variable 
the computational results show excellent IV estimator performance for 
both the s ta t ic  and the dynamic cases.
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Results in Chapter IV demonstrated that IV estimation can indeed 
be used to numerically linearize a non-linear process in an on-line  
situation. These results for the chemical reactor are certainly encour­
aging and will  serve to convince the practitioner more than any other 
single conclusion.
Perhaps this research has brought adaptive control much closer  
to the chemical engineer - perhaps not. Perhaps i t  is  not the answer 
to problems peculiar to the process industry. On the other hand, it  
is  interesting to note that i f  the adaptive control law and estimation 
algorithm are taken together, that i s ,  i f  the d ig ita l  computer i t s e l f  
is  considered to be the controller, then the simple controller-process  
loop remains. This suggests that something is  missing from the con­
ventional PID controller. This also suggests that the complete s e l f -  
adaptive algorithm may be reduced to such a degree that i t  is  I t se l f  
considered a conventional controller.
NOMOJCIATHRE
English
A (sxs) coeff ic ient  matrix
A(z linear function of a parameters
B (sxmj coeff ic ient  matrix
B(z linear function of b parameters
C difference equation intercept or bias term
C(z *) disturbance transfer function
D (nxn) lower bound matrix
D( z controller transfer function
E expected value operator
E v  (lxK) generalized equation error vector
lv
F(z  ̂) linear function of f parameters
F(t) (nxn) state coeff ic ient  matrix
C general transfer function
G(t) (nxr) state driving matrix
H (mxn) observability matrix
H(s) hold element
HC(z *) pulse transfer function 
I identity matrix




auxiliary model update delay
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0 n u l l  m a t r i x
P ( n x n )  w e i g h t i n g  m a t r i x
Q c o v a r i a n c e
R l i n e a r  f u n c t i o n  o f  moving a v e r a g e  t e r m s
S s t a n d a r d  d e v i a t i o nx
S l i n e a r  f u n c t i o n  o f  a u t o c o r r e l a t i o n  t e rm s
T sam ple  i n t e r v a 1
c o n t r o l l e r  I n t e g r a l  t im e  
T\ c o n t r o l l e r  i n t e g r a l  t im e
V ( lx K )  random n o i s e  v e c t o r  s e q u e n c e
K
W ( lx K )  v e c t o r  o f  d i s t u r b a n c e s
X ( lxm) v e c t o r  o f  ex o g en o u s  v a r i a b l e s
(nxK) o b s e r v a t i o n  m a t r i x  
l' ( l x s )  v e c t o r  o f  e n d o g en o u s  v a r i a b l e s
Y ( lx K )  v e c t o r  o f  o u t p u t s
L (nxK.) i n s t r u m e n t a l - v a r i a b l e  m a t r i xIk
a model o u t p u t  p a r a m e t e r s
b model i n p u t  p a r a m e t e r s
c  t r u e  s y s t e m  o u t p u t
d e l e m e n t  o f  lo w e r  bound m a t r i x
V i  Li + ' V t - i V
e g e n e r a l i z e d  e q u a t i o n  e r r o r  f u n c t i o n ;  f e e d b a c k  e r r o r ,  ( r fc - y fc)
f n o i s e  p a r a m e t e r s
g c o n t r o l l e r  i n p u t  p a r a m e t e r s
h c o n t r o l l e r  o u t p u t  p a r a m e t e r s
1 i n d e x
1 i nde x
g a i n ;  in d e x
number o f  o b s e r v a t i o n  v a r i a b l e s ;  number o f  exogenous  v a r i a b l e s
s y s t e m  o r d e r  (p  + q)
number o f  o u t p u t  p a r a m e t e r s
number o f  c o n t r o l l e r  o u t p u t  p a r a m e t e r s
number o f  i n p u t  p a r a m e t e r s
number o f  c o n t r o l l e r  i n p u t  p a r a m e t e r s
( n x l )  random d i s t u r b a n c e  v e c t o r
number o f  c o n t r o l  v a r i a b l e s
s e t  p o i n t
c o r r e l a t i o n  c o e f f i c i e n t
number o f  e ndogenous  v a r i a b l e s ;  L a p l a c e  t r a n s f o r m  v a r i a b l e
a u t o c o r r e l a t i o n  f a c t o r
t im e  in d e x
c o n t r o l  v a r i a b l e
( r x l )  c o n t r o l  v a r i a b l e
w h i t e  n o i s e
combined  o r  t h e o r e c t i c a l  d i s t u r b a n c e  te rm
( n x l )  v e c t o r  o f  p a s s e d  i n p u t s  and  o u t p u t s ;  ex o g en o u s  v a r i a b l e  
( n x l )  s t a t e  v e c t o r
d i s t u r b a n c e - c o r r u p t e d  o u t p u t ;  e n d o g en o u s  v a r i a b l e
(m x l )  v e c t o r  o f  o b s e r v a b l e s
( n x l )  i n s t r u m e n t a l  v a r i a b l e  v e c t o r


















(nxr) driving matrix; [A B]
(nxn) parameter Input matrix 
(nxn) transformation matrix 
reduced form model parameters, -A 
( lxK) predicted error matrix 
summation operator 
ph i
(nxn) parameter transition matrix
T( lxt )  vector of noise parameters; [H i ]  
in i t i a l  diagonal element of Po
element of A 
PRBS bias 
element of B
(nxn) state transition matrix
noise-to-signal ratio; Kronecker delta function 
estimation error fraction 
auxiliary model output
magnitude of input signal; restr ict ion  matrix 
number of noise parameters
square-wave switching Interval; PRBS clock interval 
prediction error
PRBS period; Dahlin tuning constant 
standard deviation 
time constant
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---- - - - - - T H I S  1 5  T h F  m a i n  P R O G R A M  U S E D  F U R  I n  I T I AL I I  A T  I ON A N D  C O N T R O L
a n u  F O R  T n t  1 / 0  T A S K S
-------------f j ^ P O a t  J F  M A J . P  S U B R O U T I N E S
S UO S t - T I Q  I S  T H F  S E Q U E N T I A L  E S T I M A T I O N  A L G O R I T H M  
s u n  Sr . T  * ' TF  C O N T A I N S  T H E  S I M U L A T E D  P R O C E S S  -  T H E R E  E X I S T  T wo  
S U F R O U T I N L 3  HY T H A T  NA MF ( n  NE I S  F C R T H E  G V ' R O A W P E D  2 N D  
C R l C R  E X A « r i L fT a n d  o n e  I S  F r n  T HE  C H E M I C A L  R E A C T O R )
S U d  S E T  AM I S  T h e  A U X I L I A R Y  M O D E L
S U P  S l T C O  C O N T A I N S  T h e  C O N T R J L l ER -  T H E R E  ARE T « C  S U B R O U T I N E S  
EY T H A T  N A M E I O N E  I S  T H E  P I D  C O N T R O L L E R  AND THE C T HE  R I S  
T H -  O A H L I T  C O N T R O L L E R )
S u u  r i M L S G  I S  U S E D  TO G E N E R A T E  T H E  MA X  L E N G T H  S E Q U E N C E
 i n p u t  p a r a m e t e r s
c
C D U M 1 - 0 U M 7  = D UMMY  P A R A M E T E R S  » h ] C H  S P E C I F Y  T HE  S I M U L A T E D  P R O C E S S
C F O R  T H E  2 N D  O R D E R  O VE P D A M P  t  U
C AK = P R O C E S S  G A I N
C T H T 1  = I N V E R S E  OF t i m e  c o n s t a n t
C T FT  2 = I N V E R S E  O F  S E C O N D  T I M E  C O N S T A N T
C R E F  = I N I T I A L  V A L U E  OF O U T P U T  C A N D  S E T  P O I N T  R
C
C S D U M 1 - S Q U M A  = D U MM Y  P A R A M E T E R S  W H I C H  S P E C I F Y  S T £ P  C H A N G E S  TO OE
C M A D E  I N  T F E  S I M U L A T E D  P L A N T  P A R A M E T E R S  AT  T I M E  K S w T C H
C
C A L F O  = I N I T I A L  P A R A M E T E R  E S T I M A T E S ,  U S U A L L Y  Z E R O
C 0  = T HE  p  D I A G O N A L  E L E M E N T S  U F  T u t  L D  « E R  B O U N D  M A T R I X  F O R  T H E
C D Y N A M I C  A L G O R I T H M  F O R  P A R A M E T E R  T R A C K I N G
C
C C O U M l - C C U f A  = d u m m y  p a r a m e t e r s  f o r  t h e  c o h t h j l l e r  s p e c i f i c a t i o n
c CK - c o n t r o l l e r  g a i n
C T I - i n t e g r a l  t i m e
c TO - L E R I V I A T I V E  T I M E
C
c
U I N - I N I T I A L  V A L U E  OF THE C O N T R O L L E R O U T P U T
C k p l t P L O T  o p t i o n
c k p t t = PR I NT  O P T  ( ON
c i p c p = P L O T T E R  O U T P U T  S E L E C T
c V M A - V t W T l C A L  MA X  F U R  P L O T T E R
c V M I - V E R T I C A L  M I N
c FM A HOR I Z O N T A L  MAX
c HM I - h O R . M I N .
c V I  I C - N U M U E R  U r  T I C  M A R K S  CN V E R T I C A L A X I S
c HT I C - F O R  .  A X I S  T I C  M A R K S
c ML.'LV = N U WC c i i  OF D E L A Y  U N I T E  T A * E N  TO u P D A T h  A u X .  v  O D E L
c i r u e l  = l e t  p o i n t  S w i t c h i n g  i n t e r v a l
C I C C  EL = : i *  I TCf '  I N G  I N T E R V A L  T O R  M c T u R
c
c I I P  = i 1P T I U N  TO S E L E C T  L S  OR I V  E S T I M A T I O N
C J L N T  = O P T I O N  TO S E L E C T  D A H L  I N  C O N T R O L L E R
c  v = i t  a d  t i * e  a n  I n t e g r a l  N U M - j t »  o f  s a m p l e  l n i t s  s p t
C K C P  = m e c t s  o p e n  o r  c l o s e d  l u c °  a c t i o n
c h = i n i t i a l  v a l u e  o f  w e i g h t i n g  m a t r i x  d i a g o n a l
C S P T  = . - A M P L E  i n t e r v a l
c
C SD = S T A N D A R D  C E V 1 A T I  ON OF  M E A S U R E M E N T  N O I S E
C F I  -  A U T O C O R R E L A T I O N  F A C T O R  OF M E A S U R E M E N T  n c i s e
C R C I S  = D I S P L A C E M E N T  OF  S E T  P O I N T  S Q L A R t  H A V E
c Y O r u  = r y y w y  V AR 1 AQL E F O R  G E N E R A L  USE
c AEG = A M P L I T U D E  OF B I N A R Y  G E N E R A T O R
C S C P  -  S T A N D A R D  D E V .  OF P L A N T  D I S T U R B A N C E S
C F 1P s  A U T O C O R R E L A T I O N  OF P L A N T  D I S T U R B A N C E S
C
c c c c c c c c c c c c c r c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c  
c
E C U  I V ALL N C E  ( D U M 1 , A * ) , I D U M 2 . T H T  1 ) .  ( D U « 3 . THT 2 I , I 0 U M 4  . D C , R E F )
E G u I  V A L t N C E  ( S D U M I  , S A K ) , ( S O U M 2 , S T h T 1 ) . ( S U U M 3 ,  S T H T 2  >
E O U I V AL E N C E  I C D U M 1 , CK ) , { C D U M 2  ,TI ) ,  <C D U M 3  ,  TO) . ( C D U M 4  , UI N>
I N T E G E R  t i t l e
D I M E N S I O N  D ( 5 ) , T 1 T L E ( 2 C  ) , 2 u ( 5 )  , Y L <5 ) . C S T  C WE ( 2 5 0 0 )
0  I M E N S  I C N  YUM 1 ( 5 )  . 2 U M 1 ( 5  ) . P O ( S * S > , P M I ( s . 5 )  , A L F ( S ) , A N A L F ( S ) . A D I S  J 
D I M E N S I O N  A l F O ( 5 ) . A O D I S >
C
D A T A I V , L S .  I O L . A S T U P / *  I V  • . ‘ L S ■ O P E N 1 .  • S T O P * /
D A T A F ,  n  C , NU . A t l G . M B G / l C C C O . , 2 * 2 ,  •  n , 6 /
D A T A I P L T  * 1 P R T , N 1 C C C » N 2 / * P L T * .  * PR T * .  * D  ' . *C '  /
C ATA n  2  :■ i /  ■ n  • /
D A T A U I N » R E F . R Gk /  O t ,  0 , *  1 . /
C A L L I D . N T (  • 1 3 0 3 , B 1 8 C 2 . A T  T * )
C A L L P L C T t C . . - 3 0 . . - 3 )
C A L L P L O T ( 0 . . 0 . 5 , - 3 )
C
N = NC + N U  + 1
P L A U  I N P U T  D A T A
1 0 0  j  M )  T I T l E
3 1 Ff l t iM A r ( , c )
I F ( T I T L r  ( 1 ) . C O . A S T Q D  ) S T O P  
I d  F C r' r / A T ( A 4 . A 4 . [ ^ . 4 X * A 4 . £ K b F l C * 0 )
3 0  J C  F CP MA T ( « F  1C . 0  )
3 0  F C R M A T t 1 0 K . / F 1 0 . 4 )
3 3  3 F O Q M A T ( 1C I 4 1
H4  F [ OM AT ( A j t  1 K i A j t 1 X > I 1 > ?f  1 0 . C )
C
^ C A J (  l ,  1 0 )  1 i S L U W£ i j O O M .  i S 0 k j M4
PE * C(  S . 30  ) a l f o
“IE ADI  S .  10 1 D
W E A C t S . 3 0 )  C D U M 1 , C C u M 2 . C 0 l M3 . C D L M 4  
READ!  E,  3 0 )  DU*  l . J L * 2 . C L * 3 , D U * 4 , J U M b . i J L * F , U u M 7  
P f c A D ( S , E 3 3 >  MDLY .  M D E L  .  I ODLL 
2 0 1  C C M I N U l
» C A C (  E . H 4 )  K P L T . K P W T ,  I P O P ,  VMA , V M|  , H M A , h F |  .  VT I C . H T [ C  
SE AU(  S .  3 0 3  0 ) S O . F I . P J I S . Y O O O . A f l G . S u P . F  i n  
2 C O N T I N U E
P t A O I E . l d )  13=>, J  CM T ,  M , K H P  . H .  S P T
C
K M AX = FMA 
K b » T C F  = S D U * 4  
I F ( K P l T . N E . I P L T )  GiJ TO d  7 
I F I N E  . E 0 . N 2  ) GO TO 6H
C
c  s c t  u p  c-m a p h  d i s p l a y
CALL P L O T !  e . s , 0 .  . 2  )
CAL L  P L O T !  & . S ,  11 .  . 2 )
C AL L  P LOT ( 0 1 1 . .  2 )
CAL L  PL J T  I 0 .  . 0  . .  2 )
C
C A L L  P L O T ( 2 . A , j . S . - 3  1
C
C Al l  P L O T  I S . 0 *  C .  . 2  ) 
c a l l  P L OT  t 5 . 0 . a . c . 2  )
C A L L  P L O T ! 0 . . 6 . . 2 >
C AL L  PL C T ( 0  • . 0 . »  2 )
C
F X = E . / t  HMA- MMI  )
F Y  = 6 . / (  V * A - V *  I  )
Ztx = Af>s< HM l*FX )
7 E Y = A 0  S ( V M I * F Y  )
I F ( VM I . G E . 0 ■  ) ZEY = 0 . 
e a  C AL L  P L C T ( Z E X . Z E Y . 3 )
C
146
c P R I N T  I . ^ J T  D A T A
c 
c
y 7 » H ITt- < IS,  3 S  > T [ TLC
3 5  F C R M A T I 1 H 1 . 3 0 X . 2 C A 4 / ;
H R I T L ( 6 . 6 1 )  I O P . K O P
1,1 F O R M A T  ( > X , A 4 , ) h I D  M f T h O l )  . S X . A 4 . 6 H  L O O P  >
• R I T E < 6 » 3 C )  V M A , V M l , H M A , H M I  , R  . S ^ T
I T E ( 6 . 3 0  ) [ ) U M l . n u M 2 , n u M J , 0 L M 4 , C U W 5 . D L M f  O U ^ 7  
mU 1 T E t 6 ,  3 0  ) SOU* 1 , SDUM2 . SOuM 3 • SOUM4  
» h I T E ( 6 , 3 0 >  A L f O
« R I TE < 6  .  3 0  ) C O U K 1 , C H u m 2 , C D U M 3 . C D L M a
* R I T  E ( £  , 3 0  ) S D . F  1 , P OT  S , Y U D O , A B G . SOP  , F  1 P
I F ( S 0  . E Q  . C  . C  ) * R  I T t  ( 6 ,  3 6  )
I F ( F  1 . E U  . 0  . 0 )  » R I T E ( e , 3 7 )
3 6  F O P M A T I S X . o HNO N O I S E  I
3 7  F ORMAT ( SX ,  L B H U N C U R R t L  A T t D  NO I SL >
* H I T E ( 6 . 9 0 )  0 ,  M C L Y ,  I R D E L .  R D 1 S .  YOD C ,  I  O D E L  » S O P  , F  I  P
VO F O R M A T ! /  1 2 X 4 H D  = . I I . 4 / 9 X , 7 H M D L Y  = , I 1 / 6 X . d H [ R O E L  =
2 , E I 1 . G / 9 X , 7 H Y 0 0 0  = . E t 1 . S / 0 X R H I D O E L  = , 1 4 / l l x b H S D P  =
i S H F  I P  = , £  1 1 . S /  )
C




DO 7 I = I t N
ALF( I ) - ALFOt I I
YU U  ) = 0  
Z U t  I )  = 0 
Y U M 1 ( I ) = C 
ZUM 1< 1 ) = 0
DC 7 J = 1 , n
P O ( J , I ) = C .  
i f ( j . e q . i )  o o t j . n  = n 
7 C OS T  I v u  L
c
PM I ( 1 , 1 ) = Q
C
Y U ( D )  =  R G K  
Z U ( S )  = R CK  
Y U M  l  ( j  ) =  7 f , K
2 UM l ( b 1 = RGX
C
CALL S E T P T F 1 5 P T . A K ,  T H T 1 .  T H T 2 , D O . M , S D . F I  , A N 4 L F , S O P , F  | P )
.  1 4 / 1 2 X 4  HR = 
. E U  . 5 .  1 1 X ,
LV
T.
CALL SL I AP (  ALF 0< n . A u F O l ?  I . A L F O n i  t A L F O ( 4 ) , A L F ' J ( b )  . M » UI  N* R E F )
c
1 C AL L  P R T P T F
CALL b C T C M T I C K . T  [ , T r ' , S P T , - ^ F  )
C A L L  P R T C N T  
»RITE(F>*{jO)
C
U -  J  1 i
X = C .
V - Q lf
C = R E F  
/  -  ~i l F
VU ( 3 ) =  U 
ZU( 3 )  = u
YUM 1 ( 3 )  = U 
YUM I ( A ) = U
C I S T u R  = Y L L ’l)
c
S E R R  =
S Q E R  =
D CEL = IO I) r L 
RDEL = I P  DEL
C
c a l l  a c m t x ( a r a l f , a l f q . a o d . i . n . - i )
C A L L  M P Y M T X ( A O D , A O D , A D O N M ,  1 . N * I )
I F ( A O C (  M . L T . O . C t )  C A L L  M P Y M T X ( A N A l F » A N A L F  * A ODN M , 1  * N • 1  )
C
°  R C 0 O  = 2 * ♦ M B G -  1
B I A S  = - l . / P R D B G  ♦  S O R T ( ( 1 , + P W n D G )  / ( P R 0 B G A P R D 6 C ) )
C
I TE ( fa .  2 0  ) K , U . Y . C .  Z t A L F
C A L C U L A T E  < = l  CCJND I T I 0 N S <  T -  1 )
* * * * *





CALL P T f ( U » X O * C t X O S Q )
Y u m  I ( 2  > = C
C S T O R E ( X )  = C
C
*  SC = L .
CAL L  M r a s u R( Y , W 5 Q  )















YU ( 2  ) -  ¥
CALL A U X M O L I U . X . Z J  
ZI .M 1 ( 1 )  = Z
Z Ut  2  ) = Z
R = k£F
CALL Cf J - sTKL ( W .  Y , L ) 
I K K O P . ' O . I U L )  U = 0 .
U 1 = U + *
I F (M .  CE . 1 ) GO t o  i  * 0  
YUWJ  ( 3 ) -  u  +■ x
Z U  M I ( J ) = U ♦ X
YU ( *  ) = Y U M 1 ( 3 )
Z U ( A ) = Z U M 1 ( 3 )
I F  ( M . NE  . 1 ) GO TO 3 <3
Y U ( 3 )  = U ♦ X
ZU ( 3 > = U ♦ X
GO TO V-,
C A L C U L A T E  X = 2 CONC I T I O N S ( 1  )
K = 2
RK = K
XD -  X + D I S TuR
call ftf(u .x d ,c ,w c s a ) 
CSTORt(M C c
c a l l  MEASJRIY. h g o )
Y U i n  = Y
CALL AUXMOL( u. x ,  z )
2 u <  1 ) = Z
R * t t t F ♦ RD I S  
C A L L  C O N T « L ( R » Y , u  )
I F (KL)P .lO . IOL ) U = C . 
C A L L  C M l S G ( M L S * M 0 G t K  ) 
e c  = ML S
X = A UC * ( 3G + BIAS)
U 2  = U ♦ X
I M M . cE. . 1 ) GO TO 3S 









Z u  t 3 ) = U + x 
GO TO V .
C
4 ?  C CNT I -iU l.
1 F I l O P . L O . W J C A L L  S E T 1 D ( N C . N U * M * Y U * Z U . Y U M 1 , 2 U M 1  , P 3 , 0 . A L P , PM 1 , u 2  » 
2 L 1 )
t F ( I O P . r O . L S  I C 4 L L  S E T  t 0 < N C . N 0  » M , Y L  * YU * Y U M 1 .  Y U M I  , P O , C , A L F , P M 1 , U 2  .
2 u  n
I C = 2
C
C R E C U R S I V E  C A L C U L A T I O N S
C
C
1 K = K ♦ 1
I F  ( K . C O S « T C H  ) C A L L  S E T P T F  ( S P T  ,  S AK .  S T H T 1 ,  S T H T 2  * A L F C ( 5 )  , V , S D , F I  , 
2  A N A L F . S O P  * F I P  )
I F ( K . E Q . K S W T C H )  CAL L  P R T ° T F  
RK = K 
I C -  [ C ♦ 1
CAUL AUXMQLt  U . X , I  )
I F ( F L C A T  ( i C / I O O E L  » . E O  . ( R K / O D E L  ) ) D I S T U R  = - O I S T U R  
XO = X ♦ O I S T U R  
CALL P T F ( U . X O , C . » D S Q )
CS T O R E ( F ) -  C
CAL L  M E A S U P l Y i * S Q )
1 F ( F L U A T { K / I R D E L  ) . EC .  < R K / R D E L  ) ) R D I S  = - R D I S  
R = R E F  ♦ R O I S  
C A L L  C O K T R L t R . Y . U )
I F ( K O P . - * 0  . I OL > U = 0 .
C A L L  d M L S G ( M L S . M E G , K )
BG = MLB
X = A EG * (  BG ♦ UI  A S )
I F  < I Q P . r c . L S )  CALL I O ( U . X , y , y , a l f , P M 1 )
I F ( I Q P . E Q . I Y )  C A L L  I D ( U . X , Y , Z * A L F , PM 1 )
ARGK = A L F I S ) * R G K
CALL L °  0 A M ( ALF  ( I ) » AL F ( 2  ) ♦ AL F ( 3  ) • A L F  I 4  t * ARGK )
O U T P U T  C A L C U L A T I O N S
























c a l l  * P Y M r X ( A D , A D ,  A D N Q R M , 1 , n  ,  t J
8 AC = S - . R T  [ A D N 3 R  K / A n O N M  )
tar. = * ( rs( c - z )
Sf cRR = S E R R  + E R R  
SQ£R = SO F p + £RR*tRR 
fcWSOM = S Q E N / R K  
EWM = S r R R / R K
IF ( K , l ;  .  1 0 ) GO T J 4 6
I F t K P R T  , NF.  . 1 P R T  .  A M O .  F L O A T  t K /  1 0 ) ,NF_ .  ( R K /  1 0 .  ) ) GO T O 8 9  
« R 1 T E ( 6 . 2 0 »  K * U ,  Y ,  C .  2 . A L F  ( 1 > .  A L F  ( 2 ) .  A,_F ( 3 )  ,  AL F  ( 4  ) ,  A L F  <S ) ,
2 ° M l (  l .  1 )  . S A 0  • A 
F C W A K  I X ,  1 3 ,  1 I E  I  1 . 4  , F 7 .  3 )
I F ( S A C  , N E  . 0  . ) A L S A D  = A l _ O G l C t S A D >
D L CT C U T D J T
I F < K P L T  , N E  .  I P L T ) GO TO 1 1 1  
I F ( I P G P  , E 0  . 0  ) Y O L T  =■ F Y *  ( AL  SAD -  W I I  
I F ( I P Q P  , E 0 . 1 ) Y O U T  = F Y * ( U  -  V » I )
I F <  I P C P . t Q . 2  ) Y O U T  = F Y ♦ ( Y -  v M I )
I F ( I P Q P . £ 0 , 3 )  Y O U T  = F Y * ( C -  V M I  )
I F  ( I P U P  , E O . 4 )  Y O U T  = F Y * ( Z -  VM 1 )
IF(PM 1( 1, I > ,N£ .0 . ) PM 1L = A L O G I O C AOSIPMl ( 1  , I ) ) )
I F < I P C P  , E Q . 5  ) Y O U T  =  F Y * ( P M 1 L  -  V M I )
I F ( I P U P  . G T  . 8  ) Y O U T  = F Y * ( A L F (  I P O P * - 9 )  -  V M I )
F X RK = F X *  I R K -  F M 1 )
C A L L  P L T T  ( F X R K  . Y O U T ,  2 )
I F ( K - 2 ) F , 4 2 , 4 9
I F  ( I C  , F C  * 1 GO ) GU TO 4 7
I F  ( K , E O  . k m  a x  ) GO TO 5 2
GO TO 5  1
C A L L  P R I M i x ( PM 1 , N , N )
WR I T E ( 6 , 6 0 )
F O R M A T !  / 2 X ,  1 H K , 6 X . l h U .  S x  ,  1H Y  . 1 0 X . 1HC ,  1 0  * ,  1 H Z  ,  9 X , 2 H A 1 .
2 9 X . 2 H A 2 ,  9 X . 2 H B I .  9  X ,  2 H t )  2 .  8 X ,  3 H O O  , 9  X ,  3 h  PM1 ,  7 X  ,  2 MM G  >
I C  = C 
GO T O 5 :
S T A T I S T I C S  ON c  AND M
C O M  I N U n
VCRMS  = S O R T ( H D S Q / R K  )
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* r m s  = »QR T ( * S Q / R K  )
C
SUM =■ o .
DC HO I  = I ( K
8 0  SUM = SUM + C S T O R E ( I )
CM E AN = S U M/ R K
C
SUM = 0 .
UC 9 1  I = 1 »K
8 1  s u m  -  S U M  4  (CSTURE(I) -  C M E A N  ) * *  2
CW«S = L.OHT ( SUM/RK >
C
wCRMS = rfHMS/CrtMS
* R I T E { 6* 8 3 1 V*WMS.CRm s ,c m e a n *WCRMS.l RM.ERSCM,« d r m s  
d  3  F O R MA T [ / / 4 X  1 l h N O  I S E  RMS = » E 1 2  .  3  • 4  X 1 2 H S I GNA L RMS = . £ 1 2 . 3 . /
2 A X 1 3 M S : G N A L  MEAN =• . E 1 2 . 3 . 4 X 2 3 H N O I s c  TC S I G N A L  R A T I O  = . E 1 2 . J / /
3 AX S Mt RM = , E 1 1 . A , 4 X 7 H E R S O M = ,  £  1 1 .  4 , 4  X 7H ADf t MS - . E l l . 4 )
C
C PRCGRAM CONTROL
READ!  S .  «t> ) NE  
8 b  FORMA T t A 1 )
I F ( N £ . E O . N 2 )  GO TO 2 
CALL PLOT ( 8 #  . - 3  . 5 , - 3  )
1 F I N F  . E Q . N 1 0 C 0 )  GO TO 1 C 0 C  
I F I N E  . E C . N 2 G 1  ) GO TO 2 C 1  
CALL P L C T I O . . O . . S S S )
ENC
Ui








C U P  1
C X D  1
C YP 1








D I M £ N S I  ON A L F < 5 > . P M 1 ( = , £ ) , P M 2 { 5 . M . Y U < M . V U M 1 ( 5 >  . Z U ( 5 ) . Z U M l ( 5 )  
DI  MENS I LN AM( S > . P M ( S , S > . P V < 5 . 5 )  .  Z 7PM 1 ( 5 ) . L D ( 2 0 )  . P Ml  Y < 5 ) . P M 2 Y 1 5  > 
0  I M E N S  I ON P 0 <  5 )
C
  • « • » .      . . . I . . . . . . . . . . . . . .  ,
c
KC = 1
N -  NC + NU ♦ 1
M l  s M ♦ 1
NM 1 = N -  I
N C P 1  -  NC ♦ 1
CALL P R T M T X ( P M 2 . N . N )
DC 7 0 2  1 = 1 . 2 0  
7 C2  UD< I ) = YUM1 ( 4  )
U D ( M l  1 = U 2 
I F ( M . C T  . 0  ) UDt  M > = U I
•  R I T E ( 6 . 5 0 0 )  Y U M1
•  R I T E  ( 6 . 5 0 0  ) YU
C
C CAL CUL AT E  I N V E R S E  TfcRM D ( T s O >  W1 TH Y L ( T - O ) .  2 U l T = 0 ) .  AND P ( T = 0 )
C
CALL M P Y M T X t P M 2 . Y L M l , P M 2 Y  . N . N . l )
CALL MPYMTX( Z U M1 , PM2Y . C M 2 . 1 . N . 1 )
DM2 = I . / (  1 .  ♦ C M2 )
C
C CALCUL At  £ •»{ T -  1 )
C
TO I D E N T I F Y  P U L S E - T P A N E F E P - F U N C T ]  UN M O u E L  p  A R A M £ T £ M S
= N U M B E R  o f  L A G G E D  O U T P U T  V A R I A B L E S  
= N U M B E R  O F  L A G G E D  I N P L T  V A R I A B L E S  
= 1 ' - 0D"L D E A D  T I M E  I N  A I N T E G R A L  = OF OPT  
= CON T P O L  V A R I A B L E  • T + l  
= T E S T  I N P U T  • T + l
= M E A S U R E M E N T  OF  U U T P U T  v a r i a b l e  * T + l
= A U X I L I A R Y  M O D E L  O U T P U T  * T + l
s < < NC + N U + 1 ) *  1 ) E X P L A N A T O R Y  V E C T O R  • T
= ( ( N C + N U  + 1 ) *  1 > I N S T R U M E N T A L  V A R I A E l E 1 T
= ( N C + N U + 1 ) *  * 2  C O V A R I A N C E  M A T R I X  * T - l
=  ( N C + N U + 1 ) * * 2  C O V A R I A N C E  M A T R I X  * T - 2
= ( 1  * ( N C  + N U + 1 ) ) V E C T O R  DF  M O D E L  P A R A M E T E R S  * T + l
I F L A G  = 1
U  Tt j  ?
2 1  [ F L A G  = 0
c    . . . . . .   ....................................................................
c
ENTRY If 1 UP  1 .  X P 1 * Y P 1 , I P  1 . A L F  . PM 1 )
KC = KC  + 1
1J X = UP) + *31c
  * * .....................................................................................................................................................................................................c
C C A L C U L A T E  I N V E R S E  TERM C 1 T - 1 )  *  I Tm YU ( T ) , ? U ( T ) .  & P ( T - l )
C
CAL L  MP Y MT X 1 PM 1 , Y U . P M  1 Y , N , N ,  1 )
C AL L  MP YMT X( 2 U . P M  1 Y , DM 1 .  1 «M . 1 )
C
DM 1 = 1 . / (  1 .  ♦ DM |  )
I F  <KC . G T . t o  > GO T J  5 0  1 
C AL L  P R  T MT X ( PM 1 i  N t N )
» R I T E  t 6 . 5 0 C ) YU  
* R t T £ ( 6 , 5 0 0 ) Z U . C M 1  
5 0 G  FORMA T< *0X , 6 £  I 2 *  A >
C
C U PH A l t '  A L P H A !  T + l )  * I T h  Y ( T + 1 » , Y L ( T ) , Z L ( T ) ,  A S )  P ( T - l )
C
5 C 1 C AL L  M P Y M T x t Z u . P M 1 . Z T P M J  ,  l , N , N )
CALL M P Y M T X t A L F , Y U , A L F Y . 1 , M , 1 )
AV = CM 1 * ( Y P ! - A L F  Y )
CALL MP Y S C A t  A V , Z T P M 1  , A M , 1 , N )
CALL ADmT X ( ALF . AM , ALF  .  1 .  N , +  1 )
C
C
C U P O A T F  Y U ( T - l )  WI T H  Y L ( T )
C
5 C 2  CALL D F N MT X ( Y U . Y U M 1 , N , 1 )
C AL L  CF . 'MTX ( Z U . Z I M I P J ,  1 )
C
C U P D A T E  0 ( T -  2 ) ,  YU< T - I  ) o {  T - 2  ) AND P ( T - 2 )
C
DM?  = D M1
CALL C F N M T X ( P M 1 Y  , P M ? Y  , N , 1 )
C AL L  CFNMT X(  PM 1 , P M 2 , N , N  >
C
C U P D A T E  P I T -  I ) M I T H  Y U { T — 1 )
C
2 0  CALL * a YM r x ( P M ? Y , ZUM 1 . P V  , N ,  1 . N )
CALL N*Pl MTX(  P V . :1M 2 . P M , N , N , U )  
CALL » P V S  C A < Ow 2 t P*»
CALL AT>'TX ( P M ? ,  r»M, PM I , n  . -4 1 >
CQ 9 0  I = 1 . N
■iC 1 ( 1 , 1 )  = PM 1 ( I .  I > + P D t l )
I M  I F L A G . F O .  1 ) GU TO 2 1
C
C h . j « M v u (  T)  a n d  Z ’J (  T } WI T H  Y < T * 1 ) . 
r
OD 1 1 =  1 . N M1
K = N C ^ l  -  I
I K  I . L T . N C )  Y U K  ) = Y U ( K - l )
I F ( l . L T . N C )  Z U ( H ) = Z L ( K - l )
K = N -  I
I F ( I . i_ T . N U )  Y U ( K )  = Y L ( K - l )  
I F ( I . L T . N U )  Z U ( * >  = Z U ( K - l )
1 C C N T I N U F
YU ( t ) = Y P 1
Z 0 ( 1 )  = Z J 1
c
i f  ( m .  c o  • c ) vjQ r n  2 7
DO 2 I ~  1 , M
2 UC t I  ) = UD(  I ♦ I )
U D ( M 1 ) = UX
2 t  Y O ( N C P l  ) = U O ( 1 )
ZU ( N C P  1 ) = UD(  I »
GO TO 4 2
C
2 7 U D ( 1 )  = UX
GO TO 2 0
C
4 3  C U N T 1 N U -
Wt T UR N
END
U ( T - M + | ) AND ? ( T + 1 )
SS
T






j ECOND ORDER O V t ^ D A M P c D  S YS TEM 
At / (  ( S ♦ T F T 1 ) T ( S  ♦ T H T 2 I  I
S P T  = S A M P L E  T I M E
AK = P i - D C  E S S  G A I N
t h t i  = t i m e  c o n s t a n t  i
T H T ?  = T I M E  C O N S T A N T  2
DC = S T E A D Y  S T A T E  V A L U E  OF C F O R  <x£RO L
m = p l a n t  c e a d  t i m e  i n  i n t e g e r  mu l t i p l e s  o f
s u  = s t a n d a r d  d e v i a t i o n  o f  r a n d o m  n o i s e
F l  = C u R R E L A T E D  D I S T UNDANC E  c o e f f i c i e n t  
C = S Y S T t M  O U T P U T  * T 
y = W - A S U R E D  S Y S T E M  O U T P U T  * T 
U N I  =  S Y S T E M  I N P U T  • T - l
XM|  = Tf c ST I N P U T  • T - l
ANAL F  = A N A L Y T I C A L  P L A N T  C O E F F I C I E N T S  
» S C  = SUM u f  S Q U A R E S  OF N U I S E  »
D I M E N S I O N  U(  1 0 ) , A N A L F I S  )
E l  =  £ » n < - T h T l * s P T  )
E 2  = E X P ( - T H T 2 A S P T )
At  = El  ♦ L 2 
A2 = - E 1 *E 2
I F <THT 1 . E Q . T H T 2  I GO TO 1 0 0  
PK = A < / < T H T  1 * T H T 2 * ( T H T I - T H T 2 )  )
6 1  =  PK *(  THT 1 * (  1 • —F E 2 J - T H T 2 *  ( l . - E l  I )
p ?  = PK * (  E ? * T h T 2 * (  1 . - E  1 ) - E  1 * T H T  1 *  ( 1 . - t . 2  ) )
GO TO 1 01
P  K = AR / t  THT 1 * T H T 2 )
6 1  = PK *(  1 • -  E l * ( l .  ♦ T H T 1 * S P T ) >
6 2 = PK * E I * ( E l  -  1 .  ♦ Tp  T 1 * SP T }
ANALF t 1 ) = A1
A N A L F ( 2  ) -  A?
A N A L F ( 3 1  = 61
AN A L F ( 4  ) =
D = DQ * (  I . - A I - A 2 )
A N A L F ( S I  = G 
C*2 = C j 
FM l = D( l
SPT
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D C  3 0  I -  1 . 1 0
K  U( 1 ) = ‘ . 0
Ml  = M 4  |
M2 = M+,
M j  =. M 4  _*
C
I X = 7 7
C * L L  C A u S S  < I X  . SO , 0 v )
KM 1 = v
I X P  = 7  8 u  H
C A L L  GA I J S S I  I  X P ,  S D P  .  C .  .  V L  )
K CM l = V C
Ul Tu P n
  *  * .............................
c
Entry f (j m i , xm i , c . *dsq>
u x  = OM1  4 X M 1 
CO 2C 1 '  1 • M I
2 0  U (M3-  1) = U(M7-1 )
U( 1 ) = ux
c
C A L L  C A u S S (  I X P , S D P , C . , VC )
WD = F  1 P *  * DM 1 4  VD
K DM 1 = » D
W C S Q = wO SO 4 XO**D
C
c  = A I *  CM 1 + A 2  *  C M2  4  0  1 *  U ( M 1 ) ♦  B 2 * U « m 2 )  ♦  D * » 0  
C M 2  = CM I




E N T R Y  M r_ A S U R  ( Y ,  *SQ )
C A L L  C A u S S ( 1 X . S D , 0 . . V )
C
l* = 4 V
KM 1 = W
D S C  = X , )Q 4 « * M
C
Y = c  4 *
R E T U R N
  * ...........................................................................................................................................................................................................................................................................................................
c
E N T R Y  P R T P T F
W« I T E  ( 6  , 1 0 ) S P  T ,  AtC » T H T  1 . T H T 2 . D O , M , S D  , F  1 ,  A 1 , A2  .  01  ,  8 2  .  Q .  C M 2  .  U < M 2 ) 
1C F OR M A T(  1 O X S m S P T  = .  1 1 2 . b / 1 I X  A h A k  = ,  E 1 2 .  5 / - i X & H  Th T 1 = ,  E 1 2 .  5 / 9 K 6 H T H T  2
2 -  . E 1 2 . 5 / 1 I X 4 H D O  = . E 1 2 . 5 / 1 2 X 3 H M  = , I 2 / 1 1 X 4 H S D  = . E I 2 . 5 /
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1 l  1 X 4 R F 1  =  ,  E 1 2 . 5 /
4  11X 4 H  A 1 = t c I ? • i / 11 K A M A  2  -  * E 1? *  5 / 1 1 X 4 H d 1 = , E  1 2  * b  /  I 1 X4hh2 
b  1 2 X 2 F D  = , E  I 2  •  5 / M K 4 H C 0  = . E 1 2 . 5 / M  X 4 H L 0  = » E 1 2 * 5 )
RETURN
END
O U R R O U T  I N E  S f c T A M ( A l , A 2 , d l . R 2 . 0 , K , 0 ( J , Z C )  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  .
c
C A U X  I L  I  Ar^Y M O D E L
C
  *  * '  * •
C l  P E N S I O N  u t  1 0 )
Z M 2  = 71  
Z M i = z  c
DO 7 0  I =■ 1 , 1 0
j o  u(  n  = lo
Ml = M ♦ 1 
M2 -  M + 2
M3  = M + J
R E T U R N
  * *      .
c
E M M Y  Ul ’ OAM ( A1 . A 2 . B  1 . Q 2 . D  >
R E T U R N
C
C *  • * .................. ...  •  .......................................................................... ...
E N T R Y  A U X M J L < UMl  . XM 1 , Z >
U X  = U M I  + X M 1  
DO 20 I - l . M |
2 0  U t  M 3 -  1 ) = U ( M 2 - I 1
U (  1 ) = UX
2 = A I * ZM 1 + A 2 A Z M 2  ♦ ♦ B 2 * U ( M 2 )  + D
2 M2 = ZMj
2 M 1 = Z
R L T U R M
E N C
s u p r o l t  i nk s e t  c n t  t c k • t i • r o , s p  r . v u )
& t c  c o n t r o l l e r
CK = j T - ' A O Y  s t a t e  g a i n  
T I  = I N T E G R A L  t i m e
T D -  C E P 1 V  I A T  I VF  T I M E  
;>PT -  S A M P L E  T I M t  
w =  S E T  PL) I N T
Y = M E A S U P t J  S Y S T E «  O U T P U T
I F  ( T I , E Q , 0 .  ) T I  = S S 9 S 9 Q 9 S .  
ST  ] = S P T / T  I
T D S  = T f / S P T  
T I  1 = 1 .  +■ ST  !
T I C 1  = T O S  ♦ T i l
BMl = YC 
Y M1  -  Y C
Y M £ = Y1 .
R E T U R N
E N T R Y  C P N T R L ( R . Y , U >
DU = C K * t T l l * R  -  R M 1 -  T I D I  *  Y + I 1 ,  * Z  ,  A T D S ) * Y MI  -  T D S * Y M 2 )
U = U ♦ D U
Y M £ = Y M l
YM 1 = Y
RM 1 = P
R E T U R N
e n t r y  p r t c n t
• H 1 T E I 6 . 1 0 )  S P T . T I . T D . C K  
1G F O R M A  T ( / I  0 X 5 H S R T  = , E 1 ? . 5 / 1 1  X 4 H T  I = . t  1 2 .  5 / 1  1 X 4 R T O  = , E  1 2 . S  /  1 1 X 4HC*C
2 =  E I 2 . 0 /  )
RETURN
E N T
b U f R O v j T  I n  -T 8 M L S G t  . V , I D  < )
  *  *    •  "
c
C PUH°USC TQ GC .̂HATE A Plf^AHV MAXIMUM LENGTH 
C
c l r  = G l n e j a t o k  a u r p g n + i  ant  - n
c  » -  N U M b E R  O F  G T A G E S I 3  TQ 1 0 )
C C E R I C l C  O F  K Ax  . L E N G T H  S E Q U E N C E  = £ 2 * * M  -  l )
C
 ....................  *    • * « • • • • • « •  t  • • •  i . • • * • • • • • » .  •
c
D I M E N S I L N  l ( 10  ) • L C (  1 C )
DATA LO/O. 1 .0 ,  1. C. 1 . 0 .  1 . 0 , 1 /
I F < 1 D X * C T • 2 ) G L TU ?
DQ 3 0  I = I . 1 0  
3 3  L  ( J > -  L 0  ( I )
C
2  I F ( M . E G . 8  > GO TO fct
IMM.E0.9) LS = XO»l L t 4 ) ,L ( 9 ) )
I F I M . E 0 . 5 )  L R  = X O « < L (  2 ) . L ( M  ) )  
1 F 1 M . E Q . I 0 )  L R  = X O » ( L I  3 ) , L ( M ) )
I F ( M , n E . 5  . O R  . M  . N E .  10  ) L »  = X O R ( L U ) . L ( M )
C
1 MM J =  M -  1
DC 10 I = 1 . MM 1
J  =  M -  1 
1C L1J+1) = L( J )
L ( 1 ) = L R
L R  =  * 1  ♦ 2 * L «
H E T U R N
C
foO LR = <OR(L(c),Ll 7) )
L »  = X O R l L R . L l  2 )  )
L R  = XOt -  ( L P . L (  1 ) )
GO TO 1 
E N D








































SU f PLlUT I N t CAUiS( I f.S.AM.v)  
4 = 0 .
CO 5C I = 1 . 1 2
C all wakDu ( ix ,  i r  , r  )
I x = iv
5 0  A = A ♦ V
V = ( A  -  6 • ) *  S ♦





S U B R O U T I N E  R AMCU ( I X . I Y .  Y F L  )
I V  = I X * 6 S S J 9
I F M Y  ) 5 «  6 *  6
I Y  = I Y  * 2  1 * 7  * b  1 6 4  / ♦  1
Y F L  = I Y





S U P » D  j T  I N ‘-I 4  HM T X ( A ,  ViP i N C  )
C P U R P O S E  TP R E A D  F R O *  C A R O S , d Y  r < r « S , j N  ( 9 E 1 G . O  F I E L D S
C I M E N i l U N  M N W . N C )
P t  A u> ( 5  ,  1 ) (  ( A I | , J ) , J s | , N C ) * l  = l * N P )
1 F O R M A T ( 6 E I  0 , ^ )
P b T U R P
F N T R Y  P M T M T X ( A , M H , N C  >
c p u r p o s e  t o  p r i n t  t h f _  e l e m e n t s  o f  m a t r i x  a  n v  r o * s
•  R I T E ( f a , 2 ) (  J > J - 1 , N C  )
2 F C R M A T ( / * 0 C O L  .  * , 2 X  , 1 0 ( 1 1 0 . ? X  ) >
CO 3 1=1, nw
3 HR I T E ( 6 . 4  H  » ( A < I . J > , J = 1 , N C  )
A F C R m a T (  • O P U h ' ,  1 3 ,  I C E 1 2 . 5 / ( 7 X ,  1 0  c. 1 2 , 5 )  )
Wf c T u RN
ENC
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SuRRQuT I Nt  DFNMTXI A . 0 . NR. NC )
P U R P O S E  TQ D E F I N E  M A T R I X  0  A E M A T R I X  A OF NH R U » S  AND NC C O L U M N S
d i m e n s i o n  A( NR , N C  ) . B (  NR ,  NC )
D u  1 1 = 1 . N R
CO I  J = 1 . N C  
0  ( I * J ) -  A ( I .  J )
RE T U R N  
E N D
S O ( - ROUT I Nr .  A r > * T X ( A , R , C . N R . N C . [ F G )
s u S P O S l  T 1 COMPETE MATRIX c OF NR RO*S ANC NC COLUMNS 
I F G »f C= A + tl
IFGJC Q -  A -  d
DI MEN 5 11N A ( NR. NC ) . H ( NR ,MC) * C( NP* NC )
I F  ( I F G . L T , C  > G C T C  1 C 
CO 1 1= 1 , N »
u G I J =  1,  NC
C ( I , J ) ~ A ( I ,  J 1 ♦ H ( t , J  )
R f  T U R N  
CO 2 1 = 1 ,  NR
DO 2 J = l t N C
C ( I . J > =  A 1 I , J ) -  B t I . J )
R e T U R N 
ENC
S L t ‘ 3 0  L T I 'J t- M P Y M T X ( A , f l . C . N P , M , S C  ) 
c P U T P G A L  T ) M U L T I P L Y  M A T R I X  A ( N S . M )  T I Mr  i  M A T R I X  3 (  M, A C )
c  P P Q D U C T  MA T R I X  S t M P . N C )
D I M r  MS  I O N  A ( NP  t M > . 0  I M , N C  > • C I N<R < NC )
CO I 1 = 1 .  M f  
DO 1 J *  l . N t
S U w = 0 .  
c r  2 k = i . m
2 C OM^  SUM +■ A< I , K ) * t i | K , J t








O C ' P R O l T [ N t  M P Y S C A t F A C T O W . A . H . N R . N C )
P U R P O S E  TC FCI ^M M A T Q I X  R CF  N P r t OwS A N D  NC C O L L * N rj  H Y 
I WA T P I X  A BY A s c a l a r  F A C  TOW
D I X E N S I F N  At  Nr*  , N  C J * LM NR . NC )
DO I  1 = 1 .  NW
D C  1 ) = 1 . N C
1 t?< 1 , J ) = F A C F O P * A (  i  . J )
R£ TUP A 
C N C
MUL T I P L Y  I NCj
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S u F R O u T f N c  S E T P T F I  S P T  , T R I  , F I  , A M C . D C  .  M ,  S O . F  1 , A N A L F  . S O P  , F 1 P )
CCCCCCCCCCCCCCCCcCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c
C C t - F V I C A L  R E A C T O R  ---------------------- TC B F  ? U J  S T I T U T t"0 F O P  T H £  S E C C N O - Q R O t ' R
c s y s t e m  s u b r o u t i n e  mHFN r e ac t or  i s  * antld
c
c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c r . c c c c c c c o c c c c c c c c c c c c c c c c c
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of  H u n t s v i l l e ,  Alabama.  He was born  J u l y  22,  1946 i n  L a u r e l ,  M i s s i s s i p p i ,  
bu t  he c o n s i d e r s  h i m s e l f  a n a t i v e  o f  H u n t s v i l l e ,  Alabama where he g r a d u ­
a t e d  from H u n t s v i l l e  High Schoo l  i n  J u n e ,  196-..
Beg i nn i ng  i n  t he  f a l l  o f  1964,  he a t t e n d e d  t h e  U n i v e r s i t y  o f  Alabama,  
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t h a t  i n s t i t u t i o n  i n  J a n u a ry  1969.  He was a warded  a  Ma s t e r  o f  S c i e n c e  
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A r s e n a l ,  Alabama where  he r e r v e d  a s  a n  e n g i n e e r  i n  t he  R e s e a r c h ,  Deve l ­
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He i s  p r e s e n t l y  a c a n d i d a t e  f o r  t h e  d e g r e e  o f  Doc to r  o f  P h i l o so p hy  
in Chemica l  E n g i n e e r i n g .
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